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Muon magnetic moment
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Anomalous magnetic moment

1 Introduction

The Standard-Model (SM) value of the muon anomaly can be calculated with sub-parts-
per-million precision. The comparison between the measured and the SM prediction
provides a test of the completeness of the Standard Model. At present, there appears
to be a three- to four-standard deviation between these two values, which has motivated
extensive theoretical and experimental work on the hadronic contributions to the muon
anomaly.

A lepton (` = e, µ, ⌧) has a magnetic moment which is along its spin, given by the
relationship

~µ` = g`
Qe

2m`

~s , g` = 2| {z }
Dirac

(1 + a`), a` =
g` � 2

2
(1)

where Q = ±1, e > 0 and m` is the lepton mass. Dirac theory predicts that g ⌘ 2,
but experimentally, it is known to be greater than 2. The small number a, the anomaly,
arises from quantum fluctuations, with the largest contribution coming from the mass-
independent single-loop diagram in Fig. 1(a). With his famous calculation that obtained
a = (↵/2⇡) = 0.00116 · · · , Schwinger [1] started an “industry”, which required Aoyama,
Hayakawa, Kinoshita and Nio to calculate more than 12,000 diagrams to evaluate the
tenth-order (five loop) contribution [2].
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Figure 1: The Feynman graphs for: (a) The lowest-order (Schwinger) contribution to
the lepton anomaly ; (b) The vacuum polarization contribution, which is one of five
fourth-order, (↵/⇡)2, terms; (c) The schematic contribution of new particles X and Y
that couple to the muon.

The interaction shown in Fig. 1(a) is a chiral-changing, flavor-conserving process,
which gives it a special sensitivity to possible new physics [3, 4]. Of course heavier
particles can also contribute, as indicated by the diagram in Fig. 1(c). For example,
X = W± and Y = ⌫µ, along with X = µ and Y = Z0, are the lowest-order weak
contributions. In the Standard-Model, aµ gets measureable contributions from QED, the
strong interaction, and from the electroweak interaction,

aSM = aQED + aHad + aWeak. (2)

In this document we present the latest evaluations of the SM value of aµ, and then dis-
cuss expected improvements that will become available over the next five to seven years.
The uncertainty in this evaluation is dominated by the contribution of virtual hadrons
in loops. A worldwide e↵ort is under way to improve on these hadronic contributions.
By the time that the Fermilab muon (g � 2) experiment, E989, reports a result later
in this decade, the uncertainty should be significantly reduced. We emphasize that the
existence of E821 at Brookhaven motivated significant work over the past thirty years
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aµ =
gµ � 2
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A. El-Khadra Durham, 14-16 Dec 2021

Anomalous magnetic moment
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F2(q
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The magnetic moment of charged leptons (e, µ, τ): ~µ = g
e

2m
~S

Dirac (leading order): g = 2 = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Anomalous magnetic moment: 

Note:                    and g = 2 + 2F2(0)F1(0) = 1

a ⌘ g � 2

2
= F2(0)

All SM particles contribute

Leading, O(𝛼), contribn is ↵

2⇡
= 0.00116 . . .

Schwinger 1948

+ many higher order pieces …..

New physics would give SM/expt discrepancy 
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(Anti-)Muon g-2 experiment @ Fermilab New Result Aug 10, 2023: arXiv:2308.06230 [hep-ex]

31

Summary
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• New result consistent with previous
results

• Analyzing Runs 4+5+6

• Can still improve some systematics

• Should meet or exceed 140 ppb goal

• Final result mid-2025

• Looking forward to J-PARC g-2

• Await new theory estimate ...

New result - August 2023 : 
arXiv:2308.06230
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How we expect to measure aµ = (gµ � 2)/2 to 140 ppb
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• Inject polarized muons into magnetic storage ring with electric vertical focusing

~!a ⌘ ~!s � ~!c =
e

mc

"
aµ ~B �

 
aµ �


mc

p

�2!
~� ⇥ ~E � aµ

✓
�

� + 1

◆⇣
~� · ~B

⌘
~�

#

) Cancel term from electrostatic vertical focusing at pmagic =
mc
p
aµ

⇡ 3.094 GeV/c

• Storage ring vertical magnetic field B ⇡ 1.45T, Radius=7.11m

• Muon spin precession frequency: !s ⇡ g
eB

2mc
+ (1� �)

eB

�mc
⇡ 2⇡ ⇥ 6.9MHz

• Muon cyclotron frequency: !c ⇡
eB

�mc
⇡ 2⇡ ⇥ 6.7MHz

• Muon anomalous precession frequency: !a ⌘ !s � !c ⇡
e

mc
[aµB] ⇡ 2⇡ ⇥ 229 kHz

) Experiment measures two quantities:

(1) Muon anomalous precession frequency !a to ± 100 ppb (stat) ± 70 ppb (syst)

(2) Magnetic field ~B in terms of proton NMR frequency !p to ± 70 ppb (syst)
3

Final result, inc. runs 4, 5 & 6, 
mid-2025. Further factor of 3 in stats: 
reduce total uncertainty to ~1.6 x10-10. 

measure 
S from
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µ+ !

J-PARC@KEK, muon g-2 and EDM using compact magnetic ring, low momentum 𝜇+

Data-taking to start in 2028 - 2 years running to get BNL uncertainties. 
Muonium (𝜇+e−) spectroscopy from MUSEUM@KEK can also determine 𝜇𝜇 2106.11998
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aµ(expt) = 11659205.9(2.2)⇥ 10�10
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Comparison to the Standard Model 

Theory white paper: 
Phys. Rep. 887:1 (2020) 

Current status
Experiment - Muon 
g-2@FNAL 
 PRL131:161802 (2023)

Difference 
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5� ! QCD contributions 
need more work  ….NO!

Theory white paper: Phys. Rep. 887:1 (2020) 

1010 x contribution:
QED:
EW:

QCD:

Uncertainty in SM 𝘢𝜇 almost 
entirely from QCD. 

Lattice QCD is important here

<latexit sha1_base64="EZoNoEapw9UoODULlPEKd7ZoAsY="></latexit>

1010aµ = 11659205.9(2.2)
<latexit sha1_base64="5iHFal3dqmq5wfMTAPRUubwjc5U="></latexit>

1010aµ = 11659181.0(4.3)
<latexit sha1_base64="or5ZMNaIHfjJ/CmLWQYtDb22Zek=">AAACBXicdVDLSgMxFM3UV62vqktdBItQFw6Z0mpdCEU3LivYWmjHkkkzbWgmMyQZoQzduPFX3LhQxK3/4M6/MdNWUNEDIYdz7uXee7yIM6UR+rAyc/MLi0vZ5dzK6tr6Rn5zq6nCWBLaICEPZcvDinImaEMzzWkrkhQHHqfX3vA89a9vqVQsFFd6FFE3wH3BfEawNlI3vwtPYalsnxTLdvUAdjQLqIIOukkOHTTu5gvIriCDEkR2+pcrcKZUoDNRECqAGerd/HunF5I4oEITjpVqOyjSboKlZoTTca4TKxphMsR92jZUYDPNTSZXjOG+UXrQD6V5QsOJ+r0jwYFSo8AzlQHWA/XbS8W/vHas/aqbMBHFmgoyHeTHHOoQppHAHpOUaD4yBBPJzK6QDLDERJvgciaEr0vh/6RZsp0ju3JZLtTOZnFkwQ7YA0XggGNQAxegDhqAgDvwAJ7As3VvPVov1uu0NGPNerbBD1hvnwDblR8=</latexit>

= 24.9(4.8)⇥ 10�10

<latexit sha1_base64="X3TFWCilUxE+tsiODxiqZOiaLl4=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHqpiS1nc7sim5cVrAPaEvJpJk2NPMgyYil9FfcuFDErT/izr8xfQgqeuDC4Zx7ufcePxFcaYQ+rLX1jc2t7cxOdndv/+DQPso1VZxKyho0FrFs+0QxwSPW0FwL1k4kI6EvWMsfX8391h2TisfRrZ4krBeSYcQDTok2Ut/OYexU3HIVF13vAhcwKp/37TwqIgPHgXOCXYQN8Ty3VPIgXlgI5cEK9b793h3ENA1ZpKkgSnUwSnRvSqTmVLBZtpsqlhA6JkPWMTQiIVO96eL2GTwzygAGsTQVabhQv09MSajUJPRNZ0j0SP325uJfXifVgdub8ihJNYvoclGQCqhjOA8CDrhkVIuJIYRKbm6FdEQkodrElTUhfH0K/yfNUhE7xcpNOV+7XMWRASfgFBQABlVQA9egDhqAgnvwAJ7AszWzHq0X63XZumatZo7BD1hvn/OPkTA=</latexit>

11658471.8931(104)
<latexit sha1_base64="JHBwZbwxUG9UcHAWJ2YssbU8siM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZBUO7a7ohuXFexD2qFk0kwbmnmQZIQy9CvcuFDErZ/jzr8x01ZQ0QMXDufcy733eLHgSiP0YeVWVtfWN/Kbha3tnd294v5BW0WJpKxFIxHJrkcUEzxkLc21YN1YMhJ4gnW8yVXmd+6ZVDwKb/U0Zm5ARiH3OSXaSHe4ap85ZYxOB8USspGB48CM4BrChtTrtUqlDvHcQqgElmgOiu/9YUSTgIWaCqJUD6NYuymRmlPBZoV+olhM6ISMWM/QkARMuen84Bk8McoQ+pE0FWo4V79PpCRQahp4pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyEwF1BLPv4ZBLRrWYGkKo5OZWSMdEEqpNRgUTwten8H/SrtjYsas356XG5TKOPDgCx6AMMLgADXANmqAFKAjAA3gCz5a0Hq0X63XRmrOWM4fgB6y3T0aejso=</latexit>

15.36(10)
<latexit sha1_base64="/FCzcaicP7RKpBMFOIwQOviKDeo=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5C0NW12RTcuK9gHtqFMppN26GQSZiZCCf0LNy4UcevfuPNvnLQVVPTAhcM593LvPX7MqFSW9WHk1tY3Nrfy24Wd3b39g+LhUUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/vQq87v3REga8Vs1i4kXojGnAcVIaenOcatmvVwzq+fDYskyLQ3HgRmxG5aties2KhUX2gvLskpghdaw+D4YRTgJCVeYISn7thUrL0VCUczIvDBIJIkRnqIx6WvKUUikly4unsMzrYxgEAldXMGF+n0iRaGUs9DXnSFSE/nby8S/vH6igoaXUh4ninC8XBQkDKoIZu/DERUEKzbTBGFB9a0QT5BAWOmQCjqEr0/h/6RTMW3HvLiplZqXqzjy4AScgjKwQR00wTVogTbAgIMH8ASeDWk8Gi/G67I1Z6xmjsEPGG+fy5+PEg==</latexit>

693.7(4.3)



5

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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The LOHVP contribution 

An estimate of the hadronic vacuum polarization disconnected contribution to the
anomalous magnetic moment of the muon from lattice QCD

Bipasha Chakraborty,1 C. T. H. Davies,1, ⇤ J. Koponen,1 G. P. Lepage,2 M. J. Peardon,3 and S. M. Ryan3

1
SUPA, School of Physics and Astronomy, University of Glasgow, Glasgow, G12 8QQ, UK

2
Laboratory for Elementary-Particle Physics, Cornell University, Ithaca, New York 14853, USA

3
School of Mathematics, Trinity College, Dublin 2, Ireland

(Dated: April 6, 2016)

The quark-line disconnected diagram is a potentially important ingredient in lattice QCD cal-
culations of the hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon. It is also a notoriously di�cult one to evaluate. Here, for the first time, we give an
estimate of this contribution based on lattice QCD results that have a statistically significant signal,
albeit at one value of the lattice spacing and an unphysically heavy value of the u/d quark mass.
We use HPQCD’s method of determining the anomalous magnetic moment by reconstructing the
Adler function from time-moments of the current-current correlator at zero spatial momentum. Our
results lead to a total (including u, d and s quarks) quark-line disconnected contribution to aµ of
�0.15% of the u/d hadronic vacuum polarization contribution with an uncertainty which is 1% of
that contribution.

I. INTRODUCTION

The high accuracy with which the magnetic moment
of the muon can be determined in experiment makes
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FIG. 1: The hadronic vacuum polarization contribution to
the muon anomalous magnetic moment is represented as a
shaded blob inserted into the photon propagator (represented
by a wavy line) that corrects the point-like photon-muon cou-
pling at the top of each diagram. The top diagram is the
connected contribution and the lower diagram the quark-line
disconnected (but connected by gluons denoted by curly lines)
contribution that is discussed here. The shaded box in the
lower diagram indicates strong interaction e↵ects that could
occur between the two quark loops.
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it a very useful quantity in the search for new physics
beyond the Standard Model. Its anomaly, defined as
the fractional di↵erence of its gyromagnetic ratio from
the naive value of 2 (aµ = (g � 2)/2) is known to 0.5
ppm [1]. The anomaly arises from muon interactions
with a cloud of virtual particles and can therefore probe
the existence of particles that have not been seen di-
rectly. The theoretical calculation of aµ in the Standard
Model shows a discrepancy with the experimental result
of about 25(8) ⇥ 10�10 [2–4] which could be an exciting
indication of new physics. Improvements by a factor of
4 in the experimental uncertainty are expected and im-
provements in the theoretical determination would make
the discrepancy (if it remains) really compelling [5].

The current theoretical uncertainty is dominated by
that from the lowest order (↵2

QED
) hadronic vacuum

polarization (HVP) contribution, in which the virtual
particles are strongly interacting, depicted in Fig. 1.
This contribution, which we denote aµ,HVP, is currently
determined most accurately from experimental results
on e+e� ! hadrons or from ⌧ decay to be of order
700⇥10�10 with a 1% uncertainty or better [3, 4, 6]. This
method for determining aµ,HVP does not distinguish the
two diagrams of Fig. 1 because it uses experimental cross-
section information, e↵ectively including all possibilities
for final states that would be seen if the two diagrams
were cut in half.

aµ,HVP can also be determined from lattice QCD calcu-
lations using a determination of the vacuum polarization
function at Euclidean-q2 values [7]. It is important that
this is done to at least a comparable level of uncertainty
to that obtained from the experimental results to pro-
vide a first-principles constraint of the values above. It
is hoped that such calculations will, in time, allow the
theoretical uncertainty to be reduced further.

Huge progress has been made in lattice QCD calcula-
tions in the last few years so that accuracies of a few per-
cent in aµ,HVP are now achievable [8]. Indeed, a 1% de-
termination of the s-quark contribution has been demon-
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Prospects for precise predictions ofaµ in the SM
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Figure 1: Left: Comparison of HLbL evaluations, as quoted in Ref. [6], to earlier esti-
mates [42, 141Ð143] (orange) and a more recent lattice calculation [144] (open blue).
Right: Comparison of theoretical predictions of aµ with experiment [1, 5] (orange band),
adapted from Ref. [6]. Each data point represents a different evaluation of leading-order
HVP, to which the remaining SM contributions, as given in Ref. [6], have been added.
Red squares show data-driven results [21, 22, 42, 145]; Þlled blue circles indicate lattice-
QCD calculations that were taken into account in the WP20 lattice average [25Ð30, 32],
while the open ones show results published after the deadline for inclusion in that aver-
age [135, 146]; the purple triangle gives a hybrid of the two [26]. The SM prediction of
Ref. [6] is shown as the black square and gray band.

2 Data-driven evaluations of HVP

The data-driven evaluation of HVP relies on the master formula from Refs. [147, 148],
a dispersion relation that relates the leading-order HVP contribution aHVP, LO

µ to the to-
tal cross section for e+ e! ! hadrons.1 The main challenges in converting the available
data [52Ð104] to the corresponding HVP integral include the combination of data sets in
the presence of tensions in the data base and the propagation and assessment of the re-
sulting uncertainties. For illustration, the contributions of the main exclusive channels and
the inclusive region from the compilations of Refs. [21, 22] are shown in Table 2.

In Ref. [6] a conservative merging procedure was deÞned to obtain a realistic assess-
ment of these underlying uncertainties. The procedure accounts for tensions among the
data sets, for differences in methodologies in the combination of experimental inputs, for
correlations between systematic errors, and includes constraints from unitarity and analyt-
icity [19Ð21, 149]. Further, the next-to-leading-order calculation from Ref. [150] suggests
that radiative corrections are under control at this level.

1The cross section is deÞned photon-inclusively, see Ref. [6], i.e., whileaHVP, LO
µ is O(! 2), it contains, by

deÞnition, one-photon-irreducible contributions of order O(! 3). This convention matches the one used in
lattice-QCD calculations.

4

Snowmass, 
2203.15810

Impact of LOHVP on SM-experiment comparison for 
Expt uncertainty now 
halved - 2308.06230

<latexit sha1_base64="JCVzwUHyfIgZZoPXauETy99V9GY=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSR9uiu6cVnBPqANZTKdtkMnkzAzEUroR7hxoYhbv8edf+OkraCiBy4czrmXe+8JYs6UdpwPa219Y3NrO7eT393bPzgsHB23VZRIQlsk4pHsBlhRzgRtaaY57caS4jDgtBNMrzO/c0+lYpG407OY+iEeCzZiBGsjdfAg7YfJfFAoOvZlvepVPOTYjlPzStWMeLWyV0KuUTIUYYXmoPDeH0YkCanQhGOleq4Taz/FUjPC6TzfTxSNMZniMe0ZKnBIlZ8uzp2jc6MM0SiSpoRGC/X7RIpDpWZhYDpDrCfqt5eJf3m9RI/qfspEnGgqyHLRKOFIRyj7HQ2ZpETzmSGYSGZuRWSCJSbaJJQ3IXx9iv4nbc92q3bltlxsXK3iyMEpnMEFuFCDBtxAE1pAYAoP8ATPVmw9Wi/W67J1zVrNnMAPWG+f+YuQBA==</latexit>aµ

Other lattice results - 
2% uncertainty

BMW20 first 
complete lattice calc. 
0.8% uncertainty. 2𝜎 
above data-driven.

Data-driven results 
for WP20 - 0.6% 
uncertainty

New physics?
BUT: do data-driven and lattice QCD HVP agree?

25(5)

CRITICAL to conclusion on new physics evidence

BMW20, 
2002.12347

size ~ 4% of LOHVP



8

2024 update
BMW/DMZ24, 
2407.10913

<latexit sha1_base64="e7Fh+sU0l85xVlkKw5Qctq3bmtw=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSDYGGbERO2CNpYRzAOy6zI7mSRDZh/MzAph2dLGX7GxUMTWT7Dzb5wkW2jigQuHc+7l3nv8WHClEfq2FhaXlldWC2vF9Y3NrW17Z7epokRS1qCRiGTbJ4oJHrKG5lqwdiwZCXzBWv7weuy3HphUPArv9ChmbkD6Ie9xSrSRPPuAeKkTJJmjecAUxOg+xSiDJxhXK5cIIc8uoTKaAM4TnJMSyFH37C+nG9EkYKGmgijVwSjWbkqk5lSwrOgkisWEDkmfdQwNiVnrppNHMnhklC7sRdJUqOFE/T2RkkCpUeCbzoDogZr1xuJ/XifRvQs35WGcaBbS6aJeIqCO4DgV2OWSUS1GhhAqubkV0gGRhGqTXdGEgGdfnifN0zKuliu3Z6XaVR5HAeyDQ3AMMDgHNXAD6qABKHgEz+AVvFlP1ov1bn1MWxesfGYP/IH1+QMoeZd6</latexit>

aµ ! 1010 " 11659000

175 180 185 190 195 200 205 210 215
aµ ! 1010 " 11659000

Tau
KLOE

CMD-3
BaBar

White paper

BMW Õ20

This work

Experimental avg.
FNAL 2023

BNL 2006

0.9!

4.0!

5.2!

Figure 3: Comparison of standard-model predictions of the muon anomalous magnetic moment with its
measured value. The panel above the dashed horizontal line shows a comparison of the world-average
measurement ofaµ [1] denoted by a green band, with the standard-model prediction obtained here,
denoted by the red band. The latter is obtained by adding the value ofaLO-HVP

µ computed in present work
to the results for all of the other contributions summarised in Ref. [2]. The panel below the line shows
the predictions foraLO-HVP

µ obtained in the data-driven approach using the most precise measurements of
the two-pion spectrum in electron-positron annihilation and! -decay experiments [23]. These correspond
to BaBar [15, 16], KLOE [17Ð20] and CMD-3 [4] for e+ e! annihilation and Tau for! decays [21, 22].
The blue band shows the muong ! 2 Theory Initiative combination of the data-driven results [2] (White
paper), obtained prior to the publication of the CMD-3 measurement. That combination is currently being
reassessed. The error bars are SEM.

MUonE collaboration [44]. Finally, combinations of lattice and data-driven results, beyond the simple one
presented here, ought to be pursued, following e.g. the methods put forward in [45]. Investigations along
all of those lines are underway.

The precise measurement and standard-model prediction for the anomalous muon magnetic moment
reßect signiÞcant scientiÞc progress. Experimentally, FermilabÕs ÒMuong ! 2Ó collaboration has already
measuredaµ to 0.20 ppm, and plans to improve this to0.10 ppm by the end of 2025. On the theoretical
side, physicists from around the world have performed complex calculations (see e.g. Ref. [2]), some based
on additional precise measurements, incorporating all aspects of the standard model and many quantum
Þeld theory reÞnements. It is remarkable that QED, EW and QCD interactions, which require very di! erent
computational tools, can be included together in a single calculation with such precision. The result for
aLO-HVP

µ presented here, combined with other contributions toaµ summarised in Ref. [2], provides a
standard-model prediction with a precision of0.32 ppm. The agreement found between experiment and
theory to within less than one standard deviation at such a level of precision is a remarkable success for
the standard model and from a broader perspective, for renormalised quantum Þeld theory.
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PACS 19

ETMC 19

RBC/UKQCD 18

R-ratio (pre CMD3)

Experiment

ahvp,LO
µ from:

staggered
Wilson

twisted mass
domain wall

[BNL g! 2, hep-ex/ !"!#!$% ]

[FNALg! 2, #&!' .!$#(& , #$!( .!"#$! ]

The estimate of IB corrections allows
to compute a preliminary ahvp

µ .

Our result supports the
no new physics scenario.

Ongoing work to compute IB
corrections. So far

! no IB in scale setting

! electroquenched approximation

! preliminary estimate

#%/ #(

2024 update

Mainz/CLS preliminary update of 
full HVP (includes estimate of 
isospin-breaking corrections)

Mainz/CLS, Kuberski,KEK, Sept24

Agrees with BMW/DMZ24

Supports scenario in which SM 
agrees with experiment for muon 
g-2 i.e. no significant sign of new 
physics 

WP20
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Lattice HVP Simple zero-momentum 
vector-vector 2-point 
correlator for each flavour (+ 
the disconnected case).
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Key contribution is light connected.
Key issue is growth of stat. noise at 
large t values. 
Other issues: FV corrn., systs. from 
IB and disc. , scale setting

finite-vol.
disconn. 
negativestrange

charm

light 
iso-symm.

light 
iso-symm.

finite-vol.
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SIB

See S.Kuberski, 
POSLAT2023, 125
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Lattice HVP - ‘window’ observables
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Muong ! 2: Lattice calculations of the hadronic vacuum polarization
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Figure 1: Left: The integrand of eq. (8) for the isovector correlation function on an ensemble at physical pion
mass [24]. The black crosses show the full integrand whereas the colored data show the integrands of the three
windows observables, based on eq. (11). Right: Comparison of SM predictions foraµ with the experimental
world average [2Ð4]. The SM predictions di! er only in the leading-order HVP contribution from the R-ratio
[15Ð21] or lattice QCD [25Ð32]. The lattice QCD results are grouped by fermion discretization.

from lattice QCD and collect recent results forahvp
µ and several sub-contributions. We point out the

dominant and subleading sources of uncertainty and how they are addressed in modern calculations.

2. The HVP contribution from lattice QCD

The natural starting point for the computation of the HVP in Euclidean space-time is the
polarization tensor,

! µ! (Q) =
!

d4x eiQ áx " j em
µ (x) j em

! (0)#= (QµQ! ! ! µ! Q2)! (Q2) , (3)

based on the two-point function of the hadronic part of the electromagnetic current,

j em
µ =

2
3

øu" µu !
1
3

ød" µd !
1
3

øs" µs+
2
3

øc" µc !
1
3

øb" µb +
2
3

øt" µt . (4)

As pointed out in [33], a lattice calculation of the momentum dependent hadronic tensor allows one
to compute the leading-order HVP contribution to the muong ! 2 via

ahvp
µ =

"#
$

#2
! $

0
dQ2 f (Q2) ö! (Q2) , with ö! (Q2) = 4$2 $

! (Q2) ! ! (0)
%

(5)

where f (Q2) is a known analytic function that encodes (inÞnite volume) QED and depends on the
lepton massmµ. The most recent lattice calculations make use of the time-momentum representation
(TMR) to computeahvp

µ . As Þrst shown in [34] the subtracted vacuum polarization functionö! may

3

CLS, S.Kuberski, 
POSLAT2023, 125

234 down to a ! 0.06 fm [32]. Here we use the same corre-
235 lators except for the high-statistics set fora ! 0.15 fm,
236 which we omit because it is part of a larger (blinded) study
237 that is in progress. Extensive analysis of these correlators
238 was undertaken in 2019 (see Ref.[32] for more details).2

239 The parameters of the ensembles we use for thell
240 calculation are given in TableI.
241 Among the HVP contributions from connected correla-
242 tors, thell contribution is the most difficult to calculate well
243 on the lattice. This is primarily because of the rapid growth
244 of statistical noise with increasing time separationt
245 between the two vector currents in the correlator; the mass
246 parameter (2m! ) that controls the exponential falloff of the
247 noise is much smaller than that which controls the
248 exponential falloff of the signal (this mass beingm" over
249 the time interval that dominatesaHVP

# ) [103,104].
250 In Ref.[32] contributions fromt values larger than 2 fm
251 rapidly became unreliable given the statistics used there (see
252 Fig. 2 in that paper). The problem was addressed by
253 replacing Monte Carlo data for the correlator at large times
254 t > t " with a correlator extrapolated from fits to Monte Carlo
255 data dominated by the more precise results fort < t " . Here
256 this will not be necessary because we will chooset-windows
257 that exclude most of the regiont > t " ! 2 fm.
258 The top pane of Fig.2 shows the window function of
259 Eq.(3) for three values oft1! 1.0, 1.5 and 2.0 fm (as well as
260 t1 ! " ). The lower pane shows the integrand of Eq.(4)
261 including these window functions for connectedff 0 ! ll
262 correlator results at our finest lattice spacing,a ! 0.06 fm.
263 Note how the window functions cut out the lattice results
264 with large statistical errors, fromt > 2 fm.
265 A second issue for simulations (like ours) using stag-
266 gered quarks is thea2 errors caused by mass splittings
267 between pions of different taste[105]. These errors were as
268 large as 11% in Ref.[32], which used the chiral model of
269 Ref. [105] to remove them. Again this correction is not

270needed here because the effect comes primarily from large
271values oft that are excluded by our windows; any residual
272a2 dependence is much smaller and can be extrapo-
273lated away.

TABLE I. Parameters of the MILC HISQnf ! 2 # 1 # 1 QCD gauge-field ensembles[99]. The first column
labels the ensembles, the second shows the approximate lattice spacing, while the third, fourth and fifth list the bare
lattice up/down (set equal and denotedml ), strange, and charm sea-quark masses in lattice units. The sixth column
gives the ratio of the gradient-flow scalew0 [101] to the lattice spacing; to convert quantities in lattice-spacing units
to GeV we usew0 ! 0.1715$9%fm [102]. The seventh column lists the taste-Goldstone sea-pion masses; these were
obtained from fits of pseudoscalar-current two-point correlators as in Ref.[99]. The eighth column gives the lattice
volumes. The final two columns give the number of configurations analyzed and the number of random-wall time
sources used per configuration.

Set #a (fm) amsea
l amsea

s amsea
c w0=a M! 5

(MeV) $L=a%3 ! $T=a% Nconf Nwall

1 0.15 0.00235 0.0647 0.831 1.13670(50) 133.04(70) 323 ! 48 997 16
2 0.12 0.00184 0.0507 0.628 1.41490(60) 132.73(70) 483 ! 64 998 16
3 0.09 0.00120 0.0363 0.432 1.95180(70) 128.34(68) 643 ! 96 1557 16
4 0.06 0.0008 0.022 0.260 3.0170(23) 134.95(72) 963 ! 192 1170 16

F2:1FIG. 2. Top: Ratio of kernelsKw
G=KG ! ! from Eq. (3) as a

F2:2function of t with one-sided windows where (upper curve to
F2:3lower curve)t1 ! " (red),t1 ! 2.0 (blue), 1.5 (orange), and 1.0
F2:4(green) fm and" t ! 0.15 fm. Bottom: Integrand" aw

# of Eq. (4)
F2:5from the latticell connected correlatorG$t%on thea ! 0.06 fm
F2:6lattices for eacht on the lattice out to 4 fm; we have insufficient
F2:7statistics to give reliable results fort > 2 fm (gray shading).
F2:8Results are shown for the one-sided windows in the top pane with
F2:9corresponding colors. The one-sided window cuts out the less

F2:10useful correlator results from the integrand. The oscillations in the
F2:11correlator are a consequence of using staggered quarks.

2We also dropped a small number of defective correlator
measurements which we discovered in the 0.06 fm dataset.

C. T. H. DAVIES et al. PHYS. REV. DXX, 000000 (XXXX)

4

Bernecker+Meyer, 1107.4388; 
RBC/UKQCD, 1801.07224

Fermilab/HPQCD/MILC, 
2207.04765

t1= full lattice

t1= 2 fmt1= 1.5 fm
t1= 1.0 fm

Use rounded 
window 
functions to 
divide time 
region. Cutting 
out large t values 
allows accurate 
comparison of 
lattice results.

Short-distance (SD), intermediate 
distance (ID) and long-distance 
(LD)

One-sided windows with 
variable size, t1

Other windows are 
available …
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Lattice results for the 0.4 - 1.0 fm (𝛥t=0.15fm) intermediate window
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Figure 2: Left panel: comparison of our result for the light contribution of the intermediate-distance
window,aLO-HVP,light

µ,04! 10 , with other results in the literature. Our result is the red square, the purple squares
correspond to other lattice computations, the blue circle [31] and triangle [3] to data-driven approaches.
Right panel: comparison of determinations of the fullaLO-HVP

µ,04! 10. Here, in the data-driven case, we show
results [23] that use the measurements of the two-pion spectrum obtained in individual electron-positron
annihilation experiments and in! -decays, as explained in Ref. [23]. The references for the lattice results
in the left panel and for the experimental spectra used to obtain the results in the right panel are given in
the text. The error bars correspond to the standard error of the mean (SEM).

By far the largest contributions to the various windows considered in this work come from connected
light-quark diagrams. We focus on these here and discuss the other contributions in the Supplementary
Information.

For the connected contribution of the lightu and d quarks to the SD window we ÞndaLO-HVP,light
µ,00! 04 =

47.84(4)(15)[15]! 10! 10 and to the ID window,aLO-HVP,light
µ,04! 10 = 206.57(25)(60)[65]! 10! 10, with statistical,

systematic and total errors. The exact value of those contributions depends on the scheme used to deÞne
the isospin-symmetric limit of QCD. However we emphasise that this scheme dependence in no way
a! ects our Þnal result foraLO-HVP

µ , nor for the full value ofaLO-HVP
µ,04! 10 that includes all ßavour, QED and SIB

contributions. Both are unambiguous physical quantities.
Our scheme, originally deÞned in [3], is speciÞed in Sec.3 of the Supplementary Information. In

Ref. [32] it is shown that the di! erence in the value ofaLO-HVP,light
µ,04! 10 obtained in the RBC-UKQCD scheme

and in our scheme is approximately0.10(24)! 10! 10, smaller than even our present uncertainties. The
di! erence with results obtained by most of the other collaborations is expected to be similarly small,
allowing to draw the following, important, semi-quantitative conclusions:

¥ Our result foraLO-HVP,light
µ,04! 10 agrees with eight of the nine other lattice calculations of this quantity [3,

30, 32Ð38], including our previous determination, within less than a standard deviation (see left panel
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annihilation experiments and in! -decays, as explained in Ref. [23]. The references for the lattice results
in the left panel and for the experimental spectra used to obtain the results in the right panel are given in
the text. The error bars correspond to the standard error of the mean (SEM).

By far the largest contributions to the various windows considered in this work come from connected
light-quark diagrams. We focus on these here and discuss the other contributions in the Supplementary
Information.

For the connected contribution of the lightu and d quarks to the SD window we ÞndaLO-HVP,light
µ,00! 04 =

47.84(4)(15)[15]! 10! 10 and to the ID window,aLO-HVP,light
µ,04! 10 = 206.57(25)(60)[65]! 10! 10, with statistical,

systematic and total errors. The exact value of those contributions depends on the scheme used to deÞne
the isospin-symmetric limit of QCD. However we emphasise that this scheme dependence in no way
a! ects our Þnal result foraLO-HVP

µ , nor for the full value ofaLO-HVP
µ,04! 10 that includes all ßavour, QED and SIB

contributions. Both are unambiguous physical quantities.
Our scheme, originally deÞned in [3], is speciÞed in Sec.3 of the Supplementary Information. In

Ref. [32] it is shown that the di! erence in the value ofaLO-HVP,light
µ,04! 10 obtained in the RBC-UKQCD scheme

and in our scheme is approximately0.10(24)! 10! 10, smaller than even our present uncertainties. The
di! erence with results obtained by most of the other collaborations is expected to be similarly small,
allowing to draw the following, important, semi-quantitative conclusions:

¥ Our result foraLO-HVP,light
µ,04! 10 agrees with eight of the nine other lattice calculations of this quantity [3,

30, 32Ð38], including our previous determination, within less than a standard deviation (see left panel

5

BMW/DMZ ‘24 Excellent agreement between many different 
lattice analyses!  Uncertainty  !  1%

Lattice WA w.o. BMW/DMZ’24 = 206.52(80) 

Connected light 
only 

BMW/DMZ’24 = 206.57(65) 
(100% correlated systematics)

E. Neil, Theory initiative 
meeting, April 2024. 
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aLOHVP ,ll
µ, 0.4! 1.0

(0.3% uncertainty)

BMW/DMZ24, 2407.10913

SD & W Results

! Inner errorbar: w/ow0 fm
! QED (< 0.5%): SD from pert. QCD+QED; W from BMW-21

SD & W 14 / 21

SD & W Results

! Inner errorbar: w/ow0 fm
! QED (< 0.5%): SD from pert. QCD+QED; W from BMW-21

SD & W 14 / 21

Lahert,KEK, 
Sept24
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(a) Fractional contributions to ahad , LO VP
µ .

(b) Fractional contributions to ! ! (5)
had (M 2

Z )

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and
(error) 2 (right pie chart) of both ahad , LO VP

µ (upper panel) and ! ! (5)
had (M 2

Z ) (lower panel) from various
energy intervals. The energy intervals forahad , LO VP

µ are deÞned by the boundariesm! , 0.6, 0.9, 1.43,

2.0 and ! GeV. For ! ! (5)
had (M 2

Z ), the intervals are deÞned by the energy boundariesm! , 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and! GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local" 2

min / d.o.f . inßation. The fractional contribution to the (error) 2 from
the radiative correction uncertainties are shown in black and indicated by Ôrad.Õ.

analysis is

ahad, LO VP
µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr) " 10! 10

= (693.26± 2.46tot ) " 10! 10 , (3.28)

where the uncertainties include all available correlations and local" 2 inßation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation ofahad, LO VP

µ ,
the next-to-leading order (NLO) contribution to ahad,VP

µ is determined here to be

ahad, NLO VP
µ = ( # 9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr) " 10! 10

= ( # 9.82± 0.04tot ) " 10! 10 . (3.29)

27

!
s

Data-driven HVP 
<latexit sha1_base64="zB1sZHu99cugfBfaIlL8P1zfBqc="></latexit>

aLOHVP
µ =

1
4! 3

! !

s0

ds" 0
had ,! (s)K (s)

A. Keshavarzi, LAT2023

K(s) emphasises low s region

bare cross-section, e+e− →hadrons, 
final-state radiation included

!
s [GeV]
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!The low-energy hadronic cross section
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Data: exclusive final states below 2 
GeV, inclusive above.
Radiative return (BaBar/KLOE) and 
direct scan (CMD3) experiments

Tension between experiments now a major issue

(GeV)
KNT19 
analysis

Keshavarzi et al,1911.00367
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1) CMD3@VEPP2000, Novosibirsk, energy scan up to 1.2 GeV. New results for e+e−→𝜋+𝜋− : 2302.08834, 
now published. Cross-section higher than previous expts.

Issues with data for data-driven HVP 

Using ONLY CMD3 𝜋𝜋 data in 0.3-1.2 GeV region would push up data-driven LOHVP by 22(5)x10-10 and 
remove SM/Muon g-2 difference 
BUT how to average sensibly over experiments? Just increase uncertainty (a lot) ?
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Fig. 5. SigniÞcance of the di! erence between pairs of the
three most precise e+ e! ! ! + ! ! experiments for narrow
energy intervals of 50 MeV or less (top) and larger energy
intervals (bottom) indicated by the horizontal lines.

the e± beams and the outgoing muons, as well as soft
photon emission and virtual corrections. The sum of the
soft and virtual terms is infrared Þnite and the transi-
tion energy between soft and hard emission is chosen
within a safe range (5 MeV for BABAR) so that both
contributions are under control. From an experimen-
tal point of view, both LO and soft plus virtual NLO
lead to event conÞgurations that are reconstructed in
the ÔLOÕ topology and kinematics, whereas su! ciently
hard NLO radiation necessitates a di" erent kinematic
treatment. The lowest energy for NLO photon contri-
butions is experiment dependent. In BABAR a value
of 50 MeV, the energy threshold for a detected photon
included in kinematic Þts, is representative, although a
higher threshold (200 MeV) is applied to the Þnal re-
sults.

The e" ects of HO radiative corrections are evaluated
using samples of ISR muon-pair events generated with
Phokhara in the BABAR conditions: ISR (or FSR)
photon at large polar angle (20! Ð160! ) in the e+ e"

centre-of-mass (CM) system; two-charged-particle mass
from threshold to 1.4 GeV;

!
s = 10.58 GeV CM energy.

Soft and virtual corrections are studied with the use of
samples generated at LO with either ISR only or with
ISR and FSR, and samples generated at NLO with ei-
ther ISR only or the full NLO conÞguration with ISR,
FSR, and their interference. The fraction of hard pho-
ton radiation turns out to be rather large because NLO
ISR is enhanced by a factor ln(s/m 2

e). It strongly de-
pends on the energy threshold of the additional photon:
a fraction of 60% for E #

! above 5 MeV in the centre-of-
mass decreases to 38% above 50 MeV and to 25% above
200 MeV. All contributions are dominated by NLO ISR
at small angle with respect to the beam axis. For exam-
ple, with 50 MeV photon energy threshold the NLO ISR
fraction at small angle outside the BABAR acceptance
is 27%, NLO ISR at large angle 8%, and NLO FSR 3%.
These values illustrate the importance of a thorough
understanding and robust correction of e" ects from HO
radiative corrections. The situation is very similar for
the e+ e" " ! + ! " " (" ) ISR process.

It is instructive to compare the Phokhara predic-
tions at di " erent orders. For the BABAR conditions
the full NLO (LO) cross section for e+ e" " µ+ µ" " (" )
amounts to 17.16 pb (17.45 pb), a reduction by# 1.7%
at NLO. Since the NLO cross-section contribution with
an additional photon above 50 MeV corresponds to
38% $ 17.16/ 17.45 % 37%, it is almost compensated
by a reduction of 39% due to the soft and virtual con-
tribution. This large cancellation between hard and
soft/virtual e " ects is well-known in QED [38]. It re-
quires a careful assessment of the measured and theo-
retically corrected cross-section fractions.

4.2 Going from NLO to NNLO processes

At present there exists no complete NNLO calculation
of the e+ e" " µ+ µ" " (" )( " ) process. A behaviour sim-
ilar to NLO is expected, i.e., an overall small e" ect on
the cross section, possibly at the level of a few per mil,
and signiÞcantly larger contributions from hard radi-
ation, which may a" ect the Þducial acceptance of the
analyses.

The investigation of hard and soft/virtual radiative
corrections at NNLO is more intricate than at NLO.
The situation is illustrated in Fig. 6, which shows the
relevant generic Feynman diagrams. For each order in
QED, positive contributions with one to three real pho-
tons are separated from contributions from interfering
amplitudes involving soft/virtual photons. The Þrst two
rows correspond to the diagrams considered in the NLO
generatorPhokhara . They illustrate the large cancel-
lation occurring at this level as the result of the inter-
ference term within the ÔLOÕ topology.

At NNLO, the cancellation occurs between the pos-
itive three real photon emission contribution and the
generic interference contributions leading to an ÔLOÕ
topology, for the processes labelled (1), or to an ÔNLOÕ

A. Keshavarzi, LAT2023

>5𝜎 !

Previous 
tension

worst region

FUTURE: new BaBar results (2x stats), 2025; new KLOE results (7xstats), 2026/7; new SND/BES/Belle

DHLMZ  
2312.
02053
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Comparing data-driven and lattice HVP results 
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2m! +

Bernecker+Meyer, 1107.4388 

Can convert R(s) data into G(t) 
<latexit sha1_base64="Hwr8YcRRSWPYXMqX2grAHynt8QM="></latexit>

G(t) =
1

12! 2

! !

0
dE E 2R(E 2)e" E |t |

G(t) includes all flavours + 
disconnected+QED etc

“effective mass”

Allows direct comparison of time-windowed values

Using publicly available KNT19 R(s) data

lattice data

Time-windowed results are physical - disagreement in any window is a problem 
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Comparing data-driven and lattice HVP results 
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)

[9.9%] [33.1%] [57.0%] [100%]

2! below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)

[2.8%] [28.0%] [69.2%] [100%]

3! below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)

[5.5%] [39.9%] [54.6%] [100%]

[1] Ð Ð Ð 693.1(4.0)

[24] Ð 231.9(1.5) Ð 715.4(18.7)

[36] Ð 236.7(1.4) Ð 707.5(5.5)

Table 1: Window quantities for HVP, based on Refs. [7Ð9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2! below 1.0 GeV, and 3! below 1.8 GeV; in each case indicating the decompo-
sition of the total in %). Previous results from lattice QCD and phenomenology
are shown for comparison where available. All numbers in units of 10! 10.

available.
In Sec. 2, we provide such comparison numbers for the stan-

dard windows from Ref. [24], withe+e! uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modiÞed window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di! erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conßicts
betweene+e! data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [98, 99]

aHVP
µ =

! " mµ

3!

"2 # "

sthr

ds
öK(s)
s2

Rhad(s) ,

Rhad(s) =
3s

4!" 2
# (e+e! # hadrons(+$)) , (6)

with kernel function

öK(s) =
3s
m2

µ
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x2 log x
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log(1+ x) ! x +

x2
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"'
,

x =
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, # µ(s) =

(

1 !
4m2

µ

s
. (7)

The integration threshold takes the valuesthr = M2
! 0, since the

! 0$ channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100Ð102]

aHVP
µ =

! "
!

"2 # "

0
dt ÷K(t)G(t) , (8)

with another known kernel function÷K(t) andG(t) given by the
correlator of two electromagnetic currentsjem

µ

G(t) = !
a3

3

3)

k=1

)

x

Gkk(t, x) ,

Gµ%(x) = $0|jem
µ (x) jem

% (0)|0%, (9)

with the lattice spacing taken to the limita # 0. Windows in
Euclidean time are deÞned by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

" SD(t) = 1 ! " (t, t0, #) ,

" win(t) = " (t, t0, #) ! " (t, t1, #) ,

" LD(t) = " (t, t1, #) ,

" (t, t&, #) =
1
2

!
1 + tanh

t ! t&

#

"
, (10)

were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm, t1 = 1.0 fm, # = 0.15 fm. (11)
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).
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set of modiÞed window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di! erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conßicts
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aHVP
µ =

! " mµ

3!

"2 # "

sthr

ds
öK(s)
s2

Rhad(s) ,

Rhad(s) =
3s

4!" 2
# (e+e! # hadrons(+$)) , (6)

with kernel function

öK(s) =
3s
m2

µ

$
x2

2
%
2 ! x2&

+
1 + x
1 ! x

x2 log x

+
%
1 + x2&

(1 + x)2

x2

!
log(1+ x) ! x +

x2

2

"'
,

x =
1 ! # µ(s)
1 + # µ(s)

, # µ(s) =

(

1 !
4m2

µ

s
. (7)

The integration threshold takes the valuesthr = M2
! 0, since the

! 0$ channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100Ð102]

aHVP
µ =

! "
!

"2 # "

0
dt ÷K(t)G(t) , (8)

with another known kernel function÷K(t) andG(t) given by the
correlator of two electromagnetic currentsjem

µ

G(t) = !
a3

3

3)

k=1

)

x

Gkk(t, x) ,

Gµ%(x) = $0|jem
µ (x) jem

% (0)|0%, (9)

with the lattice spacing taken to the limita # 0. Windows in
Euclidean time are deÞned by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

" SD(t) = 1 ! " (t, t0, #) ,

" win(t) = " (t, t0, #) ! " (t, t1, #) ,

" LD(t) = " (t, t1, #) ,

" (t, t&, #) =
1
2

!
1 + tanh

t ! t&

#

"
, (10)

were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm, t1 = 1.0 fm, # = 0.15 fm. (11)

2

2𝜋< 1 GeV

3𝜋< 1.8 
GeV
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distance 
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intermediate-distance

0-0.4 fm
0.4-1.0 fm

long-distance 
(LD)

>1.0 fm

Data-driven 
contributions

Mapping 
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window 
effects
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2205.12963

other
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Intermediate ‘window’ 0.4-1.0fm  (𝛥t=0.15fm)           
Comparing data-driven and lattice HVP results 
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Figure 2: Left panel: comparison of our result for the light contribution of the intermediate-distance
window,aLO-HVP,light

µ,04! 10 , with other results in the literature. Our result is the red square, the purple squares
correspond to other lattice computations, the blue circle [31] and triangle [3] to data-driven approaches.
Right panel: comparison of determinations of the fullaLO-HVP

µ,04! 10. Here, in the data-driven case, we show
results [23] that use the measurements of the two-pion spectrum obtained in individual electron-positron
annihilation experiments and in! -decays, as explained in Ref. [23]. The references for the lattice results
in the left panel and for the experimental spectra used to obtain the results in the right panel are given in
the text. The error bars correspond to the standard error of the mean (SEM).

By far the largest contributions to the various windows considered in this work come from connected
light-quark diagrams. We focus on these here and discuss the other contributions in the Supplementary
Information.

For the connected contribution of the lightu and d quarks to the SD window we ÞndaLO-HVP,light
µ,00! 04 =

47.84(4)(15)[15]! 10! 10 and to the ID window,aLO-HVP,light
µ,04! 10 = 206.57(25)(60)[65]! 10! 10, with statistical,

systematic and total errors. The exact value of those contributions depends on the scheme used to deÞne
the isospin-symmetric limit of QCD. However we emphasise that this scheme dependence in no way
a! ects our Þnal result foraLO-HVP

µ , nor for the full value ofaLO-HVP
µ,04! 10 that includes all ßavour, QED and SIB

contributions. Both are unambiguous physical quantities.
Our scheme, originally deÞned in [3], is speciÞed in Sec.3 of the Supplementary Information. In

Ref. [32] it is shown that the di! erence in the value ofaLO-HVP,light
µ,04! 10 obtained in the RBC-UKQCD scheme

and in our scheme is approximately0.10(24)! 10! 10, smaller than even our present uncertainties. The
di! erence with results obtained by most of the other collaborations is expected to be similarly small,
allowing to draw the following, important, semi-quantitative conclusions:

¥ Our result foraLO-HVP,light
µ,04! 10 agrees with eight of the nine other lattice calculations of this quantity [3,

30, 32Ð38], including our previous determination, within less than a standard deviation (see left panel

5
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Figure 2: Left panel: comparison of our result for the light contribution of the intermediate-distance
window,aLO-HVP,light

µ,04! 10 , with other results in the literature. Our result is the red square, the purple squares
correspond to other lattice computations, the blue circle [31] and triangle [3] to data-driven approaches.
Right panel: comparison of determinations of the fullaLO-HVP

µ,04! 10. Here, in the data-driven case, we show
results [23] that use the measurements of the two-pion spectrum obtained in individual electron-positron
annihilation experiments and in! -decays, as explained in Ref. [23]. The references for the lattice results
in the left panel and for the experimental spectra used to obtain the results in the right panel are given in
the text. The error bars correspond to the standard error of the mean (SEM).

By far the largest contributions to the various windows considered in this work come from connected
light-quark diagrams. We focus on these here and discuss the other contributions in the Supplementary
Information.

For the connected contribution of the lightu and d quarks to the SD window we ÞndaLO-HVP,light
µ,00! 04 =

47.84(4)(15)[15]! 10! 10 and to the ID window,aLO-HVP,light
µ,04! 10 = 206.57(25)(60)[65]! 10! 10, with statistical,

systematic and total errors. The exact value of those contributions depends on the scheme used to deÞne
the isospin-symmetric limit of QCD. However we emphasise that this scheme dependence in no way
a! ects our Þnal result foraLO-HVP

µ , nor for the full value ofaLO-HVP
µ,04! 10 that includes all ßavour, QED and SIB

contributions. Both are unambiguous physical quantities.
Our scheme, originally deÞned in [3], is speciÞed in Sec.3 of the Supplementary Information. In

Ref. [32] it is shown that the di! erence in the value ofaLO-HVP,light
µ,04! 10 obtained in the RBC-UKQCD scheme

and in our scheme is approximately0.10(24)! 10! 10, smaller than even our present uncertainties. The
di! erence with results obtained by most of the other collaborations is expected to be similarly small,
allowing to draw the following, important, semi-quantitative conclusions:

¥ Our result foraLO-HVP,light
µ,04! 10 agrees with eight of the nine other lattice calculations of this quantity [3,

30, 32Ð38], including our previous determination, within less than a standard deviation (see left panel
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SD & W Results

! Inner errorbar: w/ow0 fm
! QED (< 0.5%): SD from pert. QCD+QED; W from BMW-21

SD & W 14 / 21

Comparing data-driven and lattice HVP results 
Short and intermediate windows (𝛥t=0.15fm)           

e+e− av. before 
CMD-3
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Comparing data-driven and lattice HVP results 
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results at large-time/low s, i.e. where 2𝜋 tensions 
now seen.

See also analyses of hadronic contribution to running 
of 𝛼. Lattice differences with pre-CMD3 e+e− seen at 
low Q2. (washed out by MZ, so no impact on EW fits)
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An estimate of the hadronic vacuum polarization disconnected contribution to the
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The quark-line disconnected diagram is a potentially important ingredient in lattice QCD cal-
culations of the hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon. It is also a notoriously di ! cult one to evaluate. Here, for the Þrst time, we give an
estimate of this contribution based on lattice QCD results that have a statistically signiÞcant signal,
albeit at one value of the lattice spacing and an unphysically heavy value of the u/d quark mass.
We use HPQCDÕs method of determining the anomalous magnetic moment by reconstructing the
Adler function from time-moments of the current-current correlator at zero spatial momentum. Our
results lead to a total (including u, d and s quarks) quark-line disconnected contribution to aµ of
! 0.15% of the u/d hadronic vacuum polarization contribution with an uncertainty which is 1% of
that contribution.

I. INTRODUCTION

The high accuracy with which the magnetic moment
of the muon can be determined in experiment makes

µ

f

µ

f f !

1

FIG. 1: The hadronic vacuum polarization contribution to
the muon anomalous magnetic moment is represented as a
shaded blob inserted into the photon propagator (represented
by a wavy line) that corrects the point-like photon-muon cou-
pling at the top of each diagram. The top diagram is the
connected contribution and the lower diagram the quark-line
disconnected (but connected by gluons denoted by curly lines)
contribution that is discussed here. The shaded box in the
lower diagram indicates strong interaction e " ects that could
occur between the two quark loops.

! christine.davies@glasgow.ac.uk

it a very useful quantity in the search for new physics
beyond the Standard Model. Its anomaly, deÞned as
the fractional di ! erence of its gyromagnetic ratio from
the naive value of 2 (aµ = ( g ! 2)/ 2) is known to 0.5
ppm [1]. The anomaly arises from muon interactions
with a cloud of virtual particles and can therefore probe
the existence of particles that have not been seen di-
rectly. The theoretical calculation of aµ in the Standard
Model shows a discrepancy with the experimental result
of about 25(8) " 10" 10 [2Ð4] which could be an exciting
indication of new physics. Improvements by a factor of
4 in the experimental uncertainty are expected and im-
provements in the theoretical determination would make
the discrepancy (if it remains) really compelling [5].

The current theoretical uncertainty is dominated by
that from the lowest order (! 2

QED ) hadronic vacuum
polarization (HVP) contribution, in which the virtual
particles are strongly interacting, depicted in Fig. 1.
This contribution, which we denote aµ, HVP , is currently
determined most accurately from experimental results
on e+ e" # hadrons or from " decay to be of order
700" 10" 10 with a 1% uncertainty or better [3, 4, 6]. This
method for determining aµ, HVP does not distinguish the
two diagrams of Fig. 1 because it uses experimental cross-
section information, e! ectively including all possibilities
for Þnal states that would be seen if the two diagrams
were cut in half.

aµ, HVP can also be determined from lattice QCD calcu-
lations using a determination of the vacuum polarization
function at Euclidean-q2 values [7]. It is important that
this is done to at least a comparable level of uncertainty
to that obtained from the experimental results to pro-
vide a Þrst-principles constraint of the values above. It
is hoped that such calculations will, in time, allow the
theoretical uncertainty to be reduced further.

Huge progress has been made in lattice QCD calcula-
tions in the last few years so that accuracies of a few per-
cent in aµ, HVP are now achievable [8]. Indeed, a 1% de-
termination of the s-quark contribution has been demon-
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One-sided window, 0 - t1        
Full HVP in window - compare directly to data-
driven results (KNT19). 

t1=1.0 fm (43% HVP) = SD+ID. Lattice 
agreement on 2-3% difference with KNT19.

Lattice stat. errors large for t1 ≥ 2 fm for this 
(2019) data

Overall conclusion from windows comparisons: 
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BMW/
DMZ24 
t1=2.8 fm
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FHM, 2207.04765



BMW/DMZ24 strategy for full HVP

light + disc.

strange
charm long-time tail

contributions 
to LOHVP

contributions 
to (𝜎)2

Take tmax=2.8fm for lattice, add 2.8-∞ from data-driven results. 

0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04
aµ,28!" / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

Figure 13: Results foraµ,28!" obtained using the! + ! ! spectra measured by BaBar, KLOE, CMD-3 and
in " decays. The results are normalized by their weighted average, which is shown by a red diamond in
the bottom. Above that, the red circle shows the weighted average without the" data. Neither of these
needed a PDG rescaling of the error. The red band represents the total uncertainty, which is obtained
by adding linearly the error of the weighted average of all data and the di! erence of the two types of
averages.

study of radiative corrections in initial-state radiation measurements, which suggests that KLOE may have
underestimated its systematic uncertainties on the# peak [74].

In light of those challenges, one may wonder whether it is justiÞed to consider a data-driven determi-
nation ofaµ,28!" . To understand why it is, we emphasize a few important facts:

¥ As shown in Figure13, the determinations of this tail contribution, using the! + ! ! spectrum from
each of the four experiments, are entirely consistent. The$2/ dof associated with the weighted
average of those four determinations is1.0. The reason is that the tail contribution is dominated
by the low-mass part of the spectrum, below the# peak, where all four measurements are in good
agreement.

¥ We have checked that the data-driven contribution toaµ from t ! 2.8 fm is entirely compatible
with our lattice calculation. This is shown in Figure14 where we compare results for the window
28 " 35 obtained from the four measurements and in lattice QCD. Here again the data-driven
determinations are entirely compatible among themselves, with a$2/ dof of 1.2, and now with the
lattice result. Admittedly the uncertainties on the latter are large, but the excellent consistency
with and of the four data-driven determinations strongly suggests that the data-driven calculation
of aµ,28!" is correct, within our quoted uncertainties.

¥ The total uncertainty on our average of the data-drivenaµ,28!" is 0.20 in our10! 10 units, a number
that must be compared to our total uncertainty of3.3 on aµ. Thus its impact on the uncertainty
of our Þnal result foraµ is completely negligible.

Now, the reasons for choosing the tail to start attcut = 2.8 fm are the following:

¥ To ensure the result foraµ presented in this paper is dominated by the lattice contribution, we
choose to start the data-driven tail abovet = 2.8 fm. This guarantees that the lattice contribution
accounts for over95%of the result.

39

CLAIM: reasonable experimental agreement on 2.8-∞ since 
>50% is from region BELOW 𝜌 peak. (See slide 14)

<latexit sha1_base64="0RvSBIU6nOTqTnM8jPdzVbigjoI=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQFw6Z6XshFN24rGAf0NaSSdM2NPMgyQhlKLjxV9y4UMStP+HOvzHTVlDRAxcO59zLvfc4AWdSIfRhJJaWV1bXkuupjc2t7Z307l5D+qEgtE587ouWgyXlzKN1xRSnrUBQ7DqcNp3xRew3b6mQzPeu1SSgXRcPPTZgBCst9dIHZ3bJLFSydvEEdhRzqYQWuolOLTTtpTPIrJSLdsGGyESoZOeKMbFLeTsHLa3EyIAFar30e6fvk9ClniIcS9m2UKC6ERaKEU6nqU4oaYDJGA9pW1MP623daPbDFB5rpQ8HvtDlKThTv09E2JVy4jq608VqJH97sfiX1w7VoNyNmBeEinpkvmgQcqh8GAcC+0xQovhEE0wE07dCMsICE6VjS+kQvj6F/5OGbVpFs3CVz1TPF3EkwSE4AllggRKogktQA3VAwB14AE/g2bg3Ho0X43XemjAWM/vgB4y3T5WwlPs=</latexit>

= 27.59(26) ! 10! 10

=3.9%

Contribution of tail to HVP and its error is small  

light 
iso-symm

strange
charm

long-time tail

other (light qed + sib)
FVOL disconn.(I=0)
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KNT19

Outside BMW/
DMZ average
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Pragmatic hybrid strategy for further full HVP results
Use LQCD in one-sided time window up to t1 .  
Add in data-driven result for t1 to ∞.
Totals should agree for different t1  
• test of validity of data-driven (and LQCD) 
• choose smallest error or fit to a constant 
including correlations

Smaller t1 : reduces lattice stat. and finite vol. error 
but increases input from data-driven tail
Larger t1 : CMD3/KNT19 tension falls:  <0.3% total HVP for t1 ≥ 2.5 fm

GPL+CD et al,  
Thanks to A. Keshavarzi

Using 2019 FHM LQCD results for 
one-sided windows (2207.04765):
• totals are flat in t1 for CMD3 2𝜋
• total w. CMD-3 agrees with BMW/
DMZ ’24 for all values of t1

• newer lattice data have much better  
uncertainties for t1 "  2fm

Hybrid strategy best to optimise 
uncertainty on total HVP?

No new 
physics 
in muon 
g-2

Fit to a 
constant, 
𝜒2/dof 
=0.6
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! 2/ dof = 3.8
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HLbL contribution
Theory white paper 2020 : 
LO, phenomenology 

aim for 10% uncertainty

Method 1 : direct lattice calculation 

H.Meyer , Theory initiative meeting, April 2024; 
A.Gerardin, Lattice2023

Hadronic light-by-light contribution: coordinate-space approach

QED kernel øL [! ," ]; µ #$ (x, y )

!

aHLbL
µ =

me6

3

!
d4y

" #$ %
=2 %2 |y |3 d|y |

&!
d4x øL [! ," ]; µ #$ (x, y )

" #$ %
QED

i '! ! ;µ #$" (x, y )
" #$ %

=QCD blob

(
.

i '! ! ;µ #$" (x, y ) = !
!

d4z z!

)
j µ (x) j # (y) j " (z) j $ (0)

*
.

! øL [! ," ]; µ #$ (x, y ) computed in the continuum & inÞnite-volume

! no power-law Þnite-volume e! ects & only a 1d integral to sample the integrand
in |y|.

[Asmussen, G«erardin, Green, HM, Ny! eler 1510.08384, 1609.08454, 2210.12263 (JHEP).]

Mainz, 2104.02632

RBC/UKQCD, 2304.04423

+charm piece, 
2204.08844

<latexit sha1_base64="RJunev279BSUOPHWwp5TBywew2E="></latexit>

aHLbL
µ = 9 .2 ± 1.9 ! 10! 10

Work at a finer lattice spacing 
(0.08fm) ongoing 

ETM calculation underway, 
physical light quarks, a=0.08fm. 

Compilation of aHLbL
µ determinations

 8  10  12  14  16  18

HLbL contribution  [ 10-10 ]

Chao et al. !21
(charm from Chao et al. !22)

Blum et al. !23

Blum et al. !20

Data-driven, White Paper !20

Good consistency of di! erent determinations.

TOTAL

BMW preliminary

Results from different groups agree. 
Uncertainty ~10-13%.  
Slightly (~3x10-10) higher than WP20
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Method 2 : dispersive approach with lattice QCD input 

HLbL contribution

The role of Lattice QCD

aHLbL
µ = ! + + á á á

! 0, " , " ! !

Dispersive framework (Õ21)aµ ! 1011

! 0, " , " ! 93.8 ± 4
pion/kaon loops " 16.4 ± 0.2
S-wave!! " 8 ± 1
axial vector 6 ± 6
scalar + tensor " 1 ± 3
q-loops / short. dist. cstr 15± 10
charm + heavy q 3 ± 1

sum 92± 19

Mainz Õ22 109.6 ± 15.9
RBC/UKQCD Õ23 124.7 ± 15.2

Two approaches on the lattice :

! 0, " , " # : accessible on the lattice

direct lattice calculation

Strong synergy between the two approaches !

Antoine GŽrardin 10

Pseudoscalar transition form factor
<latexit sha1_base64="kV/RwnoifVJlJBt9A4QBK67/RsY="></latexit>

FP ! ! ! ! (! Q2
1, ! Q2

2)

ETM, 2308.12548, 
BMW,2305.04570, 
Mainz, 1903.09471

BMW 23 add 𝜂, 𝜂′ 
<latexit sha1_base64="YYs/NraUtXh2IIxpLbvk2j2B05A="></latexit>

aHLbL ,ps! poles
µ = 8 .51(52) ! 10! 10
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= 9 .38(40) ! 10! 10  (WP20)

Lattice is 2𝜎 lower 
than WP20 for 𝜂 
but the difference 
is small: 0.5x10-10

Good lattice agreement, using 4 different quark actions

NOT total HLbL

CONCLUDE : HLbL looking good, lattice providing critical input

Calculate PVV 3-point function and take 
weighted sum over time-insertions of one V 
to fix 𝛾 energy Details: A.Gerardin, Lattice2023

PS poles dominate - other contributions 
~ ±1.5 x10-10 tend to cancel (WP20)5.00 5.25 5.50 5.75 6.00 6.25 6.50 6.75 7.00

aHLbL,! 0pole
µ ! 1010

Mainz/CLS 19

BMW 23

ETM 23

WP20,dispersive

RBC/UKQCD preliminary 
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Conclusions
There is almost certainly less new physics in muon g-2 than previously hoped, and 
perhaps none.
Lots still to understand in e+e−→ hadrons data, tensions between expts. and with 𝜏.  
Lattice evidence stacks up in favour of CMD3
Opportunity for lattice to finalise HVP results in next few years and provide SM 
result (uncertainty needed ~0.5%). 

Requires multiple results from different groups using blinded analyses (underway).  

This could include making use of data-driven results (even with tensions) for the 
long-time tail, since quickest route to numbers with reasonable uncertainties. 

Timescales: New theory white paper, end 2024; FINAL muon g-2 result 2025, 
further experimental info. (e+e−, J-PARC, MuonE) later in 2020s, early 2030s. 

Progress on HLbL contribution also important and continuing.   



26

Spares



27

 198

 200

 202

 204

 206

 208

 210

 212

 214

R
-r

at
io

 / 
la

tti
ce

R
B

C
Õ

18
A

ub
in

Õ
19

B
M

W
cÕ

20

[a
lig

ht
µ,

w
in

] is
o

0.000 0.005 0.010 0.015 0.020

no improvement

SRHO improvement

a2[fm2]

Figure 28: Continuum extrapolation of[alight
µ,win ]iso. Two types of improvements are shown: one where the

SRHO model is used to improve the lattice result and another where no improvement is performed. For
each, some continuum extrapolations are shown as illustration with dashed lines. They include Þts linear,
quadratic and cubic ina2 and also where di! erent numbers of coarse lattices are skipped in the Þt. The
data points on the plot are corrected for light and strange quark mass e! ects, this adjustment is di! erent
from Þt to Þt. Our Þnal value in the continuum limit comes from a histogram of about 250,000 Þts and
is given by the Þlled red circle in the left panel. This histogram also includes Þts with a lattice spacing
dependence ofa2! n

s with n = 3. The results are corrected for Þnite-size e! ects using Equation (179).
Other lattice computations are shown with a green box [51] and a blue triangle [48]. A value computed
from the R-ratio method is also given (see text for details).

25 Result for aµ,win

The work [48] deÞned a particularly useful observableaµ,win , in which the current propagator is restricted
to a time window[t1, t2], using a smooth weight functionW(t; t1, t2). See Section11 for the deÞnition
of W. The advantage ofaµ,win overaµ is that, by choosing an appropriate window, the calculation can
be made much less challenging on the lattice than for the fullaµ. Here we will be interested in the
window betweent1 = 0.4 fm and t2 = 1.0 fm, ie. in an intermediate time range. By this choice we
eliminate both the short-distance region, where large cuto! e! ects are present, and the long-distance
region, where the statistical uncertainties, taste violations and Þnite-size e! ects are large. Because the
determination ofaµ,win does not require overcoming many of the challenges described in the main paper,
other lattice groups have obtained this quantity with errors comparable to ours [48, 51]. This allows for
a sharper benchmarking of our calculation. At the same timeaµ,win can also be computed using the
phenomenological approach. This is done in Section26. Therefore,aµ,win is also a powerful tool to
compare the results of lattice and phenomenological computations.

To computeaµ,win on the lattice we perform similar global Þts that were used to getaµ in Section24. In
case of the light and disconnected contributions we use the SRHO taste improvement. The starting point
of the improvement can take three di! erent values:0.4, 0.7 and1.0 fm; the latter corresponds to applying
no improvement at all. Beside the usuala2 dependence, we also perform continuum extrapolations with
a2! s(1/a )n with n = 3, just as in the case of the totalaµ. For the light contribution the variation in
the n from 0 to 3 gives the largest systematic uncertainty. In case of the light contribution we can even
resolve cubic terms ina2! s(1/a )n , these are also included in our Þts. A di! erence compared to theaµ

Þt procedure is that no cuts are applied on the propagator in time; the window function suppresses the
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PDF
Median
68.3%
95.4%

200 205 210

alight
µ,04! 10

e+ e! & lattice
BMW Õ20

Benton Õ23

BMW Õ20
Lehner Õ20
! QCD Õ22
Aubin Õ22
Mainz Õ22
ETM Õ22
FHM Õ23
RBC Õ23
This work

Median 206.03
Total error 0.65 0.31 %
Statistical error 0.25 0.12 %
Systematic error 0.60 0.29 %
Pseudoscalar Þt range 0.01< 0.01 %
Physical value ofMss 0.01 < 0.01 %
w0 scale setting 0.21 0.10 %
Lattice spacing cuts 0.14 0.07 %
Order of Þt polynomials 0.20 0.10 %
Continuum parameter (! KS or a2) 0.40 0.20 %

Table 6: Light connected window observablealight
µ,04! 10. Continuum extrapolations as a function ofa2 and

as a function of! KS are shown in the Þrst row. Description of second and third rows as in Table4.
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Divide time region for light-q-conn into several windows: 0-0.4, 
0.4-0.6, 0.6-1.2, 1.2-2.8. Correlated fit to last 3 allows different 
fit forms in different regions, lowers uncertainty. 

BMW/DMZ24, 
2407.10913BMW20, 

2002.12347

BMW/DMZ ’24 and BMW20 
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Full error

Figure 12: Comparison of results for theI = 1 Þnite-volume correction in various windows. The red points
correspond to the4hex lattice results. The other points correspond to the data-driven determinations
from individual data sets. Their averages are also displayed (inner two bands), as described in Figure11.
Finally, the outer band displays the total uncertainty on our data-driven determination, accounting for the
systematic e! ects described in this section.

100% uncertainty that is combined in quadrature with the other uncertainties. Results for the combination
of MLL and HP are listed in Table15 for the windows of interest in this paper.

The choice oft! should not be critical as long as one does not use MLL at short distances, or HP at
long distances, where the methods are not reliable. We have checked the dependence of our result on
di! erent values oft! . We Þnd compatibility within the uncertainties, provided we do not consider large or
small values oft! , as shown in the left panel of Figure11 where we scan aroundt! = 1.682 fm, using the
00! 28 window as an example.

Another potential source of systematic uncertainty is the inelastic contribution toF I =1
" (s) due to

four-pion states. Given that inelasticities become sizable only at energies aroundM# + M" [65], one
would expect them not to propagate signiÞcantly into the Þnite-volume correction toaµ. We note that
XPT predicts that they begin at orders3. In the chiral regime,s3 is two orders higher than the linears
term in J (s). Thus we conservatively take the e! ect of that linear term as an estimate of the possible
size of such higher-order contributions. This is achieved by repeating our calculation of the Þnite-volume
corrections without that linear term inJ (s). This results in a small shift in the Þnite-volume corrections,
which we take as an additional systematic.

While we use the phase shift in the isospin limit, where we identify the pion mass withM" 0 , our
parametrization of the phase shift is Þtted to experimental data, where the pions are charged. We regard
this as an isospin-breaking e! ect in the Þnite-volume corrections. In order to estimate this e! ect, we
adopt the two-loop inverse-amplitude-method (IAM) expression of! 11(s) from Ref. [66], which has the
advantage of displaying dependence on the pion mass. By using the inputs for the IAM provided in
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Finite-volume correction from L=6.8fm to ∞

BMW/DMZ ’24 have correction 9.31(88) for 0-2.8fm 
window. Test versus models using data-driven input. 

BMW ’20 have correction 18.7(2.5) for full 
calculation .BMW/DMZ24, 

2407.10913

Difference between BMW/DMZ ’24 and BMW20 for 
the total HVP: <latexit sha1_base64="SVTNYleaI9JGHTXLhkJDDVAktik="></latexit>

aLOHVP ,BMW / DMZ24
µ ! aLOHVP ,BMW20

µ = 6 .5(5.5) " 10! 10

i.e. 1.2𝜎

BMW/DMZ ’24 and BMW20 



29

LO-HVP from the lattice

! Time-momentum representation[Blum Õ02] [Bernecker, Meyer Õ11]

ahvp
µ =

! !
"

" 2
# !

0
dt K (t) G(t) , G(t) = "

1
3

3$

k=1

$

!x

#Jk(x)Jk(0)$

0

0.004

0.008

0.012

0.016

0 0.5 1 1.5 2 2.5 3 3.5 4
t [fm]

Gconn(t) !K (t)/m µ

Light
Strange (! 6)
Charm (! 6)

! Noise problem (light-quark contribution)

! Finite-volume e! ects :O(3%) for L % 6 fm

! Continuum extrapolation

! QED / strong isospin breaking corrections

Antoine GŽrardin 7

Different flavour lattice correlators 

Gerardin, 
Lattice2023

365 been compared with results fromRe! e! for each quark (by
366 subtraction of the contributions from other flavors using
367 high-order QCD perturbation theory) at the level of
368 correlator moments as well as for the HVP contribution
369 [43,106Ð109].
370 To implement windows forc andb correlators, we first
371 construct a (2,2) Pad«e approximant for the subtracted
372 vacuum polarization functionö! "q2# from moments of
373 the correlators (extrapolated toa2 $ 0) [27]. We then
374 Fourier transform this function to obtain a (Euclidean)
375 correlatorG"t# from which we can calculateaw

! using
376 Eq.(4). The results are again listed in TableII for a range of
377 t1 values. Because thec andb correlators have such strong
378 exponential decay witht, essentially all of their HVP
379 contribution is contained in even the shortest time window
380 that we consider (t1 $ 0.5 fm).

381 C. Disconnected contributions

382 The quark-line disconnected contribution to the HVP is
383 small because it is suppressed by quark mass differences
384 [25]. It is large enough, however, that a moderately
385 accurate calculation is needed and this is quite challenging.
386 The Appendix provides technical details of our ongoing
387 calculation of this contribution[44], which is currently
388 blinded.
389 Because of the blinding, we do not show explicit results
390 here for either the full or windowed contributions toa!
391 from the disconnected correlators of Ref.[44]. Instead, as
392 discussed in the Appendix, we determine the ratioaw

! =a!

393 from these correlators on the 0.09 fm configurations for
394 eacht1 value in TableII. The blinding factor cancels in the
395 ratios. Next we correct the ratiosaw

! =a! for finite-volume
396 effects and mistunings of the light quarks, taking a 10%
397 uncertainty on the corrections (which are all smaller than
398 0.4 ! 10! 10).5 We also take an additional overall uncer-
399 tainty of 15% in the ratio to account for residuala2 errors
400 on the 0.09 fm lattice.6 Finally we multiply these ratios by
401 the BMW result for the disconnected contribution, adjusted
402 to infinite volume (using1=9 of the finite-volume correc-
403 tion quoted for the full HVP)[34]: ! 15.46"1.82#! 10! 10.
404 This procedure yields the results listed in column 3 of
405 Table II . The procedure exaggerates the uncertainties
406 coming from the disconnected contribution; an unblinded
407 analysis of our data, with multiple lattice spacings, would
408 have significantly smaller errors.

409We choose to employ the BMW determination[34] here
410because it has the smallest uncertainty from lattice QCD to
411date. Earlier lattice-QCD results for this quantity, while
412generally more uncertain, are consistent with the value
413[28,29,33]. Further lattice-QCD results of comparable
414quality to that of BMW are needed. We note also a recent
415data-driven determination of the sum ofs-quark connected
416and disconnected contributions usingRe! e! results along
417with the " ! K! K0#" distribution [111]. Subtracting the
418lattice average for the connecteds-quark contribution gives
419a value [111] for the disconnected contribution of
420! 13.3"1.5#! 10! 10 using the KNT19Re! e! compilation
421[12] and! 14.6"2.1#! 10! 10 using the DHMZ compilation
422[11]. These results agree within uncertainties with the
423BMW result, as would be expected in a scenario with
424no new physics, and have comparable errors.
425The values shown in column 3 of TableII include
426contributions from the quark-line disconnected contribu-
427tions forl ands quarks combined, calculated using Eqs.(2)
428and (4). The uncertainty includes both that from the
429windowed ratio calculated from the correlators of
430Ref. [44] and that from the BMW result used for normali-
431zation combined in quadrature. Note that the relative
432importance of these contributions decreases with decreas-
433ing t1 from 2% of the totalaw

! "latt# for t1 $ 3.0 fm to less
434than 1% witht1 $ 1.5 fm.
435The rapid falloff in the disconnected contribution with
436decreasingt1 can be understood by examining the con-
437tribution to aw

! coming from the disconnected correlator
438Gdisc"t# for each value oft separately, as plotted in Fig.6.
439The contribution toa! from Gdisc"t#peaks at a larger value
440of t than is the case for thell connected correlation function
441(Fig. 2) since the contributions from the isospin-1 ($) and

F6:1FIG. 6. Contributions toaw
! from combined quark-line dis-

F6:2connected lattice correlators forl and s quarks on thea $
F6:30.09 fm lattices for eacht on the lattice out to 4 fm; we have
F6:4insufficient statistics to give reliable results fort > 2 fm (gray
F6:5shading). Results are shown for our one-sided windows with
F6:6(from bottom to top)t1 $ " (red), 2.0 (blue), 1.5 (orange), and
F6:70.5 fm (green). The time windows cut out the less reliable
F6:8correlator results from the integrand.

5We neglect the next-to-leading order corrections here because
contributions from the$ and%tend to cancel[110].

6The a2 error on the disconnecteda! without a window is
about 30% for the 0.09 fm lattice. We take a smaller error of 15%
for the ratio since this error tends to cancel in the ratio for large
values oft1. It is likely an overestimate fort1 # 1.5 fm. It is
possibly an underestimate for smallert1 s, but negligible com-
pared to other errors contributing to the total windowed HVP.

WINDOWS ON THE HADRONIC VACUUM POLARIZATIONÉ PHYS. REV. DXX, 000000 (XXXX)

7

FHM, 2207.04765
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Short-distance ‘window’ 0.0 - 0.4 fm  (𝛥t=0.15fm)           
Comparing data-driven and lattice HVP results 

67.0 67.5 68.0 68.5 69.0 69.5 70.0

aSD,full
µ ! 1010

Mainz/CLS 24

ETM 22

Colangelo et al, 22

Full HVP in window - 
compare directly to 
data-driven results

e+e− average 
before CMD-3

pre-CMD3 data-driven is in 
reasonable agreement at these 
short times (2𝜋 still 
contributes 20% here).

Flavour 
contributions to 
window

light

strange

charm
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Short-distance ‘window’ 0.0 - 0.4 fm  (𝛥t=0.15fm)           
Comparing data-driven and lattice HVP results 

Light-quark-connected 
only. Lattice agreement 
good (errors ~0.5%).

46.0 46.5 47.0 47.5 48.0 48.5 49.0 49.5 50.0

aSD,lqc
µ ! 1010

BMW/DMZ 24

Mainz/CLS 24

RBC/UKQCD 23

ETM 22

BBGKMP
1.6𝜎 (2%) pre-CMD3 data-driven result  

is a little lower than the lattice 
but not significantly (2𝜋 still 
contributes 20% here so CMD3 
would push it up ~1%).

preliminary, 
KNT19
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Comparing data-driven and lattice HVP results 
A ‘window’ at larger times 1.5 - 1.9 fm  (𝛥t=0.15fm)      (W2)     

Aubin et al ’22, 2204.12256

Statistically noisier but better control 
of finite-vol, pion-mass corrections. 

90 95 100 105

Fermilab/HPQCD/MILC 23

ABGP 22

Data-based BBGKMP 23

Data-based (CMD3) BBGKMP 23

aW 2,lqc
µ ! 1010

FIG. 3. Comparison of the result of Eq. (4.6) with lattice results for aW 2,lqc
µ from Ref. [9] (ABGP

22) and Ref. [12] (FHM 23). Also shown is the data-based result if the 2-pion data in the interval
between 0.33 and 1.2 GeV is replaced by the results from CMD-3 [45].

potential impact of the new CMD-3 results. This has been done by replacing the KNT19
2! contributions to R(s) in the region covered by CMD-3 data (ECM from 0.327 to 1.199
GeV) with the corresponding contributions implied by CMD-3 data alone. This requires
applying vacuum polarization (VP) corrections to the physical cross sections implied by
the results for the physical timelike pion form factor quoted by CMD-3 and dressing the
resulting bare cross sections with the Þnal state radiation (FSR) correction factors used by
CMD-3 in their evaluation of the contribution of their results to aHVP

µ . We have used the
same VP corrections and same FSR dressing factors as those employed by CMD-3.16 The
lqc results produced by this modiÞcation of the 2! distribution, of course, constitute only
very preliminary explorations, and should in no way be interpreted as resulting from the use
of some updated combination of the 2! data base, which no one at present knows how to
carry out. The results of this (we again emphasizepreliminary) exploration are shown for
aW 1,lqc

µ and aW 2,lqc
µ in Figs. 1 and 3. As found in the case ofaHVP

µ , use of the CMD-3 2!
data alone in the region where it exists removes essentially the entirety of the observed lqc
lattice-data-driven discrepancies.

While the experimental discrepancy between the CMD-3 data and other data sets for
e+ e! ! hadrons remains unresolved at present, we conclude that there are signiÞcant dis-
crepancies between the light-quark-connected parts of all window quantities investigated in
this paper as obtained from the KNT19 compilation of these other data sets and recent
lattice results, with lattice values pointing to a value foraHVP

µ that would bring the SM
expectation for aµ much closer to the experimental value. Further lattice computations of
aW2,lqc

µ in particular would increase our understanding of the discrepancy for this quantity
discussed in Sec. VI.
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KNT19

take 2𝜋 channel from 
CMD3 alone

BMW/DMZ ‘24
Lattice results agree. Some tension 
between lattice and pre-CMD3 e+e−.  
Lattice stat. errors too high (~2%) 
for this small window to be clear ?

BBGKMP 2311.09523

2.4𝜎 (4%)
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Issues with data for data-driven HVP 
2) Inclusion of LEP data for 𝜏 hadronic decay µ

q

q
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! 0! !key modes:

Need correction for IB = 𝜌-𝜔 mixing in e+e− +EM, FSR 

DHLMZ 2312.02053

𝜏 result for 2𝜋 (up to 1.8 GeV) in HVP agrees 
well with BaBar, higher than KLOE. 

3) BaBar study of initial-state radiation (2308.05233) suggests issues with PHOKHARA Monte Carlo. May 
affect KLOE and BES radiative return experiments. Further study needed. 
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The result (4) di ! ers from that obtained in Ref. [54],
(519.6± 2.8[exp]+1.9

! 2.1 [IB]) ! 10! 10 using O(p4) ChPT.
Most of the di! erence is accounted for by theirSEW
value (1.0201), which does not take into account dou-
ble counting betweenSEW and GEM for the subleading
non-logarithmic short-distance correction for quarks.
This e! ect is responsible for a shift of 1.7! 10! 10 in
a!

µ [2! ]. The remaining di! erence8 (0.6 ! 10! 10) origi-
nates mostly from the " width corrections in the pion
form factor.

7 A new perspective on the muon g Ð 2
HVP contribution from the dispersive
method

Having discussed the tensions among thee+ e! " ! + ! !

cross-section measurements and their possible origins,
and reappraised the use of the complementary# spec-
tral functions, we proceed with a quantitative study of
the dominant HVP contributions to aµ . We consider
here only the most precise results. We do not include
the CMD-2 measurements [30, 31], whose discrepancy
with CMD-3 is currently under investigation [ 63], and
the SND results, which are in a state of ßux from the
older [32] to the new measurements [28] that are still
being updated [64].

For the following exercise, we consider the LO HVP
contributions from the ! + ! ! channel in the wide mass
range from threshold to 1.8 GeV for each experiment.
BABAR and the # spectral functions extend over the
entire interval, while the other experiments cover a
more restricted range and are completed near thresh-
old and at large mass with the combination discussed
in Section 2. For KLOE two cases are respectively con-
sidered: the full available range and a restricted range
of 0.6Ð0.975 GeV, where the data are most precise and
KLOEÕs weight in the combination is largest (cf. top
panel of Fig. 4). The two-pion contributions are com-
plemented by the remaining LO HVP, NLO and NNLO
HVP, hadronic light-by-light, as well as QED and elec-
troweak contributions, all taken from Ref. [3]. The dif-
ferences in the resultingaµ predictions therefore reßect
the di! erences in the two-pion contributions from each
experiment, whose uncertainties correspond to the orig-
inal ones, that is without rescaling to accommodate in-
consistencies among data sets.

The results are shown in Fig.11 as di! erences be-
tween the aµ predictions and experiment [2]. The un-
certainties drawn are from the! + ! ! measurements (in-
ner bars) and the total contributions (outer bars). The
quoted uncertainties are separated into the! + ! ! and
remaining non-! + ! ! contributions.

The BABAR and # based results are in agreement.
Combining both with CMD-3 gives $ aµ = aSM

µ # aexp
µ =

8 Larger di ! erences are seen when comparing results from
individual experiments.

E
xp

 =
 0

 ±
 2

2

-400 -350 -300 -250 -200 -150 -100 -50 0-450 50

aµ - aµ
   exp    [ !  10-11 ]

BABAR (100% of 2"  below 1.8 GeV)

#168 ± 38 ± 29

CMD-3 (98.9%)

#50 ± 42 ± 29

KLOEwide
(97.1%)

#263 ± 51 ± 29

KLOEpeak
(75.3%)

#265 ± 23 ± 29

Tau (100%)

#135 ± 34 ± 29

BMW (lattice QCD)
#105 ± 55

Fig. 11. Compilation of aµ predictions subtracted by the
central value of the experimental world average [2]. The
predictions are computed from the individual ! + ! ! con-
tributions between threshold and 1.8 GeV, complemented
by common non-! + ! ! contributions taken from Ref. [ 3]
(circles). The quoted uncertainties correspond to the two
contributions and do not include that of the subtracted ex-
perimental value shown by the vertical band. The error bars
indicate the ! + ! ! and total uncertainties, respectively. The
percentage given for each experiment represents the frac-
tion of aµ [! + ! ! , thresholdÐ1.8 GeV ] used from a given ex-
periment (see text for details, particularly concerning the
two values for KLOE). The lattice result from BMW [ 17] is
shown as Þlled square.

# (123 ± 33 ± 29 ± 22) ! 10! 11, where the Þrst un-
certainty is from the ! + ! ! contribution, scaled by a
factor 1.5 according to the%2 value of 4.5 for 2 degrees
of freedom, the second from all the other terms in the
aµ prediction, and the third from the gÐ 2 experimental
world average [2]. The signiÞcance of a non-zero$ aµ
is 2.5&. As expected from the known tensions, theaµ
value for KLOE in the restricted range lies well below
(3.8&) the above combination.

The BABAR, #, CMD-3 combination agrees with
the only result available so far from lattice QCD for
the full aµ prediction, BMW [ 17], who Þnd $ aµ =
# (105± 55± 22) ! 10! 11, shedding a new light on the
apparent discrepancy between BMW and the dispersive
approach. Combining the values of BABAR, #, CMD-3
and BMW, the di ! erence with experiment is 2.8&.

In the light of these results, we extend the study
to the intermediate window 0.4 Ð 1.0 fm in Euclidean
time, which is favourable for lattice QCD. The corre-
spondingawin

µ values are displayed in Fig.12, where the
quoted uncertainties are again separated into! + ! ! and
non-! + ! ! contributions, the latter contribution using
the combined spectra from Ref. [8].9 All dispersive pre-

9 The " basedawin
µ result di ! ers strongly from those given

in Ref. [65], particularly when using a non- ! + ! ! contribu-

BMW/DMZ ‘24
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Mon.
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MuONe experiment @ CERN
Measure hadronic contribution to running of 𝛼 from 
𝜇 scattering from atomic electrons. 
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Strong Liverpool involvement

Schedule:  
•2-4 month test run 2025 with ~1/4 apparatus - measure to few % 
•Full apparatus to be installed after Long shutdown 3 (2026-2029) .  
•3 years running will achieve 0.3% stat. + 0.3% syst. 
• theory work also needed 
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Figure 12: Left, upper panel: ratio of the hadronic running !" had computed by BMWc [ 21 ]
divided by our results, for Þve di! erent momenta. In addition to the total contribution,
we show the isovector (I = 1 ), isoscalar (I = 0 ) and charm quark components.
Left, lower panel: the total hadronic running !" (5)

had from various phenomenological
estimates [ 12 ,  31 ,  134 ] and the lattice result of ref. [ 21 ], normalized by the result of this
work. Right: Compilation of results for the four-ßavor !" had lattice computations [ 6 ,

 21 ] (above) and the Þve-ßavor!" (5)
had phenomenological estimates (below) at selected

values of Q2. The gray vertical error band for the result of this work includes the
small bottom quark contribution as an additional systematic error, see section 5.1 for
details.

a 2Ð3 % error dominated by systematic e! ects. However, we do not include this result in our
comparison since the disconnected contribution has not been determined in that reference.

In the lower left panel of Þgure  12 we show the ratios of three recent phenomenological
determinations of !" (5)

had (! Q2) and the rational approximation of our result as continuous curves.
Our result lattice results for !" had (! Q2) includes the contributions from u, d, s and c quarks.
In order to account for the contributions from bottom quarks that are needed to complete the
estimate for !" (5)

had (! Q2), we use results by the HPQCD collaboration for the lowest four time
moments of the HVP [ 135 ]. We determine the contribution from bottom quarks by constructing
PadŽ approximants from the moments, which results in a few-permil e! ect on the total hadronic
running of the coupling (up to 2.6 permil at the largest Q2 = 7 GeV2). This e! ect is larger than
the 0.4 permil e! ect reported for the HVP contribution to the muon g ! 2 [ 136 ] due to the fact
that the running coupling scale Q2 is not well separated from the bottom quark mass, in contrast
to the muon mass case. 

8
 However, this e! ect is a small fraction of the percent-level total error on

!" had (! Q2) and we include it as an additional source of systematic error.
Results from Davier et al. [ 12 ,  137 ] (labellel ÒDHMZ dataÓ), Keshavarziet al. [ 31 ,  138 ] (KNT18

data), and based on JegerlehnerÕsalphaQEDc19software package [ 13 ,  134 ] show good agreement
among each other, but are between3 and 6 % lower than our estimate. 

9
 After taking the errors

8As a crosscheck, we have reproduced the bottom quark contribution to the muon g! 2 reported by HPQCD [  136 ].
9The estimate of !" (5)

had (! Q2) in the space-like region corresponding to ref. [  12 ] was kindly provided to us by
Davier, Hoecker, Malaescu, and Zhang. We are grateful to Keshavarzi, Nomura and Teubner for providing the
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