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Importance of heavy quark physics and of lattice QCD

Heavy c, b quarks are ‘copies’ of u, d, s but expand hugely the range and 
variety of physics phenomena that allow tests of the strong interaction/
Standard Model and searches for new physics.

Lattice QCD is a ‘first principles’ approach to QCD that is now producing the 
‘go-to’ accurate results for masses and matrix elements for c and b physics
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a

Lattice QCD provides an ‘ab initio’ approach to QCD.
Determine Feynman Path Integral on a 
Euclidean space-time lattice.

Integral over gluon 
field configurations 
U(x,y,z,t) = average 
over samples

Generate gluon field 
configurations with this 
probability distribution using 
Markov chain Monte Carlo
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‘Measure’ hadron correlation 
functions on the configs. by 
combining quark propagators

Quark fields are not explicit - appear through factors of the Dirac matrix, M 

M = � ·D +mq

a=0.1fm, N=504 lattice, gives 
multi-million dimensional 
integral

12Nx12N sparse matrix, must 
calculate det(M) and M-1 M-1 gives valence quark ‘propagators’ 

on the gluon field configurations

det M gives effect of sea quarks in 
gluon field configurations

hCi =
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Final accuracy depends on : 
• statistical accuracy i.e. number of gluon field configurations 
• control of lattice spacing dependence/ how well quark masses are tuned  
• normalisation of operators (for decay amplitudes)

Lattice QCD =  multi-step procedure
1) Generate sets of gluon fields (including effect of u, d, s, (c) sea quarks)
2) Solve Dirac eq. for valence quark propagators and combine to make “hadron 
correlation functions” - average these results over the set of gluon fields for

4) Determine 𝘢 and fix mq for each quark using calibration hadron masses. 
Repeat on sets with multiple 𝘢 and extrapolate results in physical units to 𝘢=0.  

hCi
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3) Fit* :
<latexit sha1_base64="JtGIsm6CtFeL5+xEOF4RK//A8Uo="></latexit>

hCi = A2
0e

�E0t +A2
1e

�E1t + . . . 0 t
Amplitude,  Energy/mass of ground-state

in units of the lattice spacing

*github.com/gplepage/
corrfitter



Late 1980s : introduction of lattice NRQCD
Thacker+Lepage, Phys Rev D43 (1991) 196

Very simple fast propagator calculation on lattice:

Small statistical errors for relatively low-cost calculation  

Many narrow states in bottomonium and charmonium 
spectra so this allows good test of how well lattice 
QCD works if lattice systematics can be controlled.

1 hour per propagator on SUN workstation

Quenched coarse lattice (beta=5.7, a=0.2 fm)), 
no spin-dependence, no tuning of quark mass 
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present in the theory, and so the net effect is simply to
shift the bare mass and charge of the quark. Beyond
leading order one must include nonrenormalizable inter-
actions such as
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where the scale of the coupling is determined by the cut-
oA' (the lowest-energy scale in the part of the theory be-
ing discarded). In principle there are infinitely many
such terms that can be added; in practice only a few
are needed. Generally if one desires accuracy of order
(p/A)", one need only keep terms in the Lagrangian up to
and including the O(l/A") interactions. The couplings
M, g, ci, c2, . . . are determined by the requirement that
the cutoff theory reproduce the results of the full theory
through order (p/A)".
The utility of the cutofF theory is greatly enhanced if we

transform the Dirac field so as to decouple its upper com-
ponents from its lower components, thereby separating
the quark field from the antiquark field. This is a Foldy-
Wouthuysen- Tani transformation, and it transforms the
Dirac Lagrangian into a nonrelativistic Lagrangian:

where E and B are the chromoelectric and chromomag-
netic fields, and g is a two-component (in spin space)
Pauli spinor representing the quark par t of the origi-
nal Dirac field. The lower components of the Dirac field
lead to analogous terms that specify the chromodynamic
interactions of antiquarks. The Foldy- YVouthuysen- Tani
transformation generates an infinite expansion of the ac-
tion in powers of 1/M. As an ordinary A ~ oo field the-
ory it is a disaster: the renormalizability of the theory
is completely disguised, as it relies upon a delicate con-
spiracy involving terms of all orders in 1/M. However,
setting A M means that the expansion is an expansion
in 1/A, and our general discussion of renormalization the-
ory implies that only a finite number of terms need be
retained in the expansion when working to some finite
order in p/A p/M e. Thus to study the chromody-
namic interactions of heavy quarks through order v we
replace the Dirac QCD theory by a nonrelativistic QCD
(NRQCD) theory with the Lagrangians

02
~NRQCD = 2TrFpuF + 0 l &Bi +

+0 I ci8M, +c2 I 0+0
+antiquark terms + quark-antiquar

( g l'g
~
t:3 7.E+ c4 o (D x E —E x D)) tk8M' 8M2

k terms +
The couplings M, g, c~, cg, . . . are specific to the particu-
lar cutofF, A M, in use. Renormalization theory tells
us that there exists a choice of these coupling constants
such that NRQCD reproduces all of the results of ordi-
nary QCD up to corrections of order (p/M) .
NRQCD is far superior to the original Dirac theory for

numerical simulation of heavy-quark mesons such as the
T. The rest mass has been removed from quark ener-
gies, allowing for much coarser lattices than in the Dirac
case. The quark and antiquark fields have been decou-
pled, with the result that the quark's Green's function
satisfies a simple Schrodinger equation,

that is easily solved numerically as an initial-value prob-
lem. The Dirac theory, on the other hand, must be solved
as a boundary-value problem, so as to control the contri-
bution from the negative-energy antiparticle states intro-
duced by the Dirac operator; a boundary-value problem
is far more costly to solve than an initial-value prob-
lem. To lowest order in v, quark spin can be neglected
in NRQCD, and the quark described by a three (color)

I

component field. The quark field has twelve (spin-color)
components in Dirac theory. In NRQCD, relativistic ef-
fects, such as the electric and magnetic spin couplings,
can be introduced and studied separately. There is no
straightforward way of isolating such effects in the Dirac
theory.
There is little likelihood of producing a virtual heavy

quark-antiquark pair in a nonrelativistic meson such as
the T. Consequently, the determinant that results when
the quark fields are integrated out of the theory (for the
purposes of numerical simulations) can be omitted. Its
efFects can be introduced as perturbations to the gluon
action, if and when more precise results are needed.
In addition to heavy-quark loops, we omit from the

theory all interactions that lead to (heavy) quark-
antiquark annihilation inta gluons. Such annihilation
processes have only a small effect on the properties of
T and @ mesons: the hadronic decay width of the T is
10 times smaller than typical excitation energies. These
effects can be included in NRQCD through four Fermi in-
teractions coupling the quark and antiquark fields. The
coupling constants for these interactions have imaginary
parts that determine the decay rates of the mesons.
(Note that the theory is then nonunitary; probability

Heavy b, c are nonrelativistic in bound states
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at each of three diferent, equally spaced, time slices for
each configuration. These also proved to be statistically
independent (see the Appendix). In all we averaged 384
s-state propagators and 1152 p-state propagators to ob-
tain final estimates for the meson propagators.
Our Monte Carlo data for s and p mesons for each

quark mass are presented in Figs. 4—7. The meson prop-
agator Q(t) is dominated by the lowest-energy state for
large t:

(3o)
To see how large a t is needed, we computed

g(t+ 1)
~(t)

(31)
This quantity is plotted in the erst panel of each figure.
To extract reliable estimates of AO and Eo we fit the
large-t data to the theoretical prediction IEq.(30)j, taking
proper account of correlations between estimates of g(t)

at diA'erent t's (see the Appendix). The propagators and
fits are plotted in the second panel of each figure. The
fitting parameters for which y~ is minimized are listed at
the bottom of each figure, together with plots showing
the range of fitting parameters for which Ay2 ( 1.
Not surprisingly, the s-state fits are an order of mag-

nitude more precise than the p-state fits. The statistical
errors in the s-state propagators are so small that contri-
butions from the excited states can still be resolved at 30
time steps or beyond. The small oscillations apparent in
E(t) for the s states confirm that the discrete version of
the nonrelativistic action has only approximate reflection
positivity. The oscillations are negligible in practice.
The lattice results are compared with results from

theoretical models and from experiment in Table II.
We used two theoretical models. One was the non-
relativistic quark potential model used by the Cornell
Collaboration. is The other was a discretized version of
this model, in which the three-dimensional Schrodinger
equation was defined on a spatial lattice with spacing
a = 1 GeV . We used the second model to assess the
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FIG. 5. s-state results for bare mass M = 4.7 GeV: E(t)
vs t and the best fit to Eo (top); the propagator data and best
fit (middle); the optimal fitting paraineters and the range of
b.y' ( 1 (bottom).

FIG. 6. p-state results for bare mass M = 1.5 GeV: E(t)
vs t and the best fit to Eo (top); the propagator data and best
fit (middle); the optimal fitting parameters and the range of
fitting parameters for which Ay ( 1 (bottom).
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Gx,t+1 = U†
x,t,µ=4(1 +

�(2)

2aM
+ . . .)Gx,t

no sea  quarks 5

M=quark mass, leading mass term removed

Effective ground-state energy



1990s : improvements to lattice QCD and NRQCD
How to achieve accurate results with the computing power available?
Working on coarse lattices requires improving the lattice action with additional terms to remove 
discretisation effects at tree-level and BEYOND.  
‘Tadpole-improvement’ was critical to doing this. 

Lepage+Mackenzie, hep-lat/9209022; 
Alford, Dimm, Lepage, Hockney + 
Mackenzie, hep-lat/9507010
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Figure 1: Static-quark potential computed on 64 lattices with a ≈ 0.4 fm
using the β = 4.5 Wilson action and the improved action with βpl = 6.8.
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Figure 1: Static-quark potential computed on 64 lattices with a ≈ 0.4 fm
using the β = 4.5 Wilson action and the improved action with βpl = 6.8.

4

Pure gluon calculation of 
potential energy of 2 
infinitely heavy quarks: 
64 lattice with 𝘢 ~0.4 fm

O(𝘢 2) errors
O(𝛼s2𝘢 2) and 
O(𝘢 4) errors

Many improvements to NRQCD: adding higher order relativistic corrections, removing discretisation 
effects, testing tadpole-improvement, perturbative matching and improvement etc. 

6

e.g. Davies+Thacker, PRD45:915,PRD48,1329; Lepage et al, hep-lat/9205007; Catterall et al, 9211033,9311006; Morningstar, 
9301005,9406002; Davies et al, 9406017,9802024;  Shakespeare+Trottier, 9802038; Lewis+Woloshyn,9803004; etc. etc. 
See also Fermilab approach to clover quarks, hep-lat/9604004



Gray et al, HPQCD, hep-lat/0507013

Early 2000s: Improved lattice NRQCD tests lattice QCD
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0.9 1 1.1
Quenched

0.9 1 1.1
nf=2+1

Υ(3S-1S)

Υ(1P-1S)

Υ(2P-1S)

Υ(1D-1S)

2mBs,av-mΥ

FIG. 19: The ratio of lattice results to experiment for var-
ious mass splittings involving b quarks. The results are
for quenched simulations (left) and simulations incorporat-
ing 2 + 1 flavors of sea quarks (right). All the unquenched
results come from this work. We have taken results from
the most chiral coarse lattice ensemble since those have the
best errors in general. Errors include statistical/fitting er-
rors for the quantity in question and those from determin-
ing the lattice spacing. The top three quenched results come
from this work, but the lower two are estimates from earlier
work. The quenched 1D − 1S splitting is taken from [52]
using the 1D2 state. The quenched 2mBs − mΥ splitting is
estimated from [53], adjusted to use the lattice spacing from
the Υ 2S − 1S spacing.

a discretisation correction, so that the scaling with lattice
spacing improves. As discussed earlier, the ratio of lep-
tonic width times mass squared will be more precise than
this because the errors will be set by v4 corrections to the
current and α2

s errors in the v2 current correction piece.
These errors should be at the level of a few percent.

IX. CONCLUSION

We have presented a state-of-the-art calculation for Υ
spectroscopy in lattice QCD. The major improvement
over previous calculations is that we now have results on
gluon field configurations that include 2+1 flavors of sea
quarks with the u/d quark masses within reach of their
physical values. This means, as we demonstrate here,
that it is now possible to fix the parameters of the QCD
Lagrangian unambiguously. The Υ system is a good
place to test this because of the large number of well-
determined excited states. Figure 19 shows a ‘ratio’ plot
of lattice results from this paper compared to experiment.
The unquenched results on the right are in striking agree-
ment with experiment compared to the quenched results
on the left. This ratio plot differs slightly from that in [1]
for the quenched results because of improved fits for the
quenched ensembles here.

Our results enable us to determine physical values for
the parameters r0 (0.469(7) fm) and r1 (0.321(5) fm),
often used to compare lattice spacing values between dif-
ferent ensembles in lattice calculations.

Further improvements to the calculation of radial and
orbital excitation energies will require further improve-
ments to the NRQCD action, in particular the calcula-
tion of radiative corrections to v4 and a2 terms. This is
in progress. Statistical precision can also be improved
since double the number of configurations used here are
available as well as further configurations with lighter sea
quark masses [6, 7]. Precision on P and D-wave states
would be improved by better smearing.

Our result for the b quark mass in the MS scheme
at its own scale is 4.4(3) GeV, using a 1-loop matching
of the lattice to the continuum. A 2-loop calculation of
the heavy quark self-energy would reduce the error signif-
icantly on the b quark mass as well as make the remaining
error estimate more reliable by fixing the scale for αs in
the matching coefficient. This is currently underway.

The fine structure in the spectrum is only calculated to
leading order here, so sizeable systematic errors remain.
We are able nevertheless to predict the ground-state hy-
perfine splitting more accurately than in the past and the
radially excited hyperfine splitting for the first time. Our
results are 61(14) MeV and 30(19) MeV respectively. To
reduce the errors requires, as above, the determination of
radiative corrections to the leading spin-dependent terms
in the NRQCD action and the inclusion of sub-leading
terms. Further improvement to reduce discretisation er-
rors is also an issue.

The calculation of the leptonic width for Υ and Υ′ is an
important example of a simple decay rate that can be cal-
culated in lattice QCD, without the ambiguity that arises
from potential models [51]. Our results on unquenched
configurations for the ratio of leptonic widths (multiplied
by squared masses) for Υ′ and Υ show a much closer
agreement with experiment than those on quenched con-
figurations. Sizeable discretisation errors prevent us giv-
ing a very accurate result here, but we obtain 0.48(5) for
the ratio. Further precision will come from the calcula-
tion of the renormalisation constant required to match
the lattice and continuum currents responsible for the
decay. The calculation will yield an improved current
operator with reduced discretisation errors. This is also
underway.

AcknowledgementsWe thank members of the MILC
collaboration for making their configurations available,
and R. Sugar, D. Toussaint and S. Gottlieb for help
with reading them. We thank R. Horgan, Q. Mason, M.
Nobes, J. Pivarski and H. Trottier for useful discussions.
The computing was done on the UKQCD alpha cluster
at the University of Glasgow funded by PPARC and on
the Fermilab cluster and at NERSC funded by the U.S.
Department of Energy. We are grateful to PPARC, the
DoE and the NSF for support.

Work on MILC gluon fields with u, d, s,  ‘asqtad’ staggered sea quarks with mu=md=ml and 
ml values from ml=ms down to ml = ms/5 

HPQCD/Fermilab/MILC, High-Precision Lattice QCD confronts experiment, hep-lat/0304004
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FIG. 6: Spin-independent splittings in the Υ spectrum as a
function of bare sea light quark mass. The 1P −1S, 2P −1S,
and 3S − 1S splittings are shown. The S state is always the
3S1. The P state from the lattice calculations is the 1P1; from
experiment it is the spin-average of 3P0,1,2. Closed squares
are from coarse 2+1 flavor lattices and open squares from
fine 2+1 flavor lattices. The crossed square for the 1P − 1S
splitting is from the super-coarse ensemble. Closed diamonds
are from the coarse nf = 2 run. Closed and open triangles are
from quenched coarse and fine ensembles respectively. Bursts
give the experimental results. Errors include the statistical
errors from determining the lattice spacing from the 2S − 1S
splitting.

M =
p2 − (∆E)2

2∆E
. (10)

Note that a non-relativistic formula would not include the
(∆E)2 term, and this becomes increasingly negligible as
the mass increases.
Table XI gives, as an example of our results, values for

∆E and M obtained on the coarse 2+ 1 flavor 0.01/0.05
ensemble for a range of lattice momenta. These results
are plotted in physical units (using the lattice spacing
from the 2S−1S splitting of section IV) in Figure 8. Fig-
ure 8 shows that theΥmass is stable and well-determined
out to very large values of p2, far larger than are rou-
tinely accessible in light hadron calculations. The value
does not change significantly, showing that lattice arte-
fact terms and errors coming from missing relativistic
corrections to the NRQCD action in the lattice disper-
sion relation are not significant.
An equivalent illustration of the stability of the Υmass

is given by the ratio of the p and E terms in Equation 9.
This ratio is called the ‘speed of light’ and should have
value 1 in our units. We calculate it as:

c2 =
(∆E)2 + 2M∆E

p2
. (11)

 9.4
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FIG. 7: TheΥ spectrum of radial and orbital levels, taking the
most chiral points from Figure 6. Closed and open symbols
are from coarse and fine lattices respectively. Squares and tri-
angles denote unquenched and quenched results respectively.
Lines represent experiment.

n2 a∆E aMΥ c2

1 0.008264(40) 5.967(29) -

2 0.016507(84) 5.971(30) 0.999(5)

3 0.02473(13) 5.974(32) 0.999(5)

4 0.03286(19) 5.990(34) 0.996(6)

5 0.04104(25) 5.991(36) 0.996(6)

6 0.04928(31) 5.983(37) 0.997(6)

8 0.06540(47) 6.004(43) 0.994(7)

9 0.07353(57) 6.003(46) 0.994(8)

12 0.09778(92) 6.007(56) 0.993(9)

TABLE XI: Energy differences of zero and non-zero momen-
tum Υ mesons, and resulting Υ masses, in lattice units. Non-
zero momenta are denoted by n2 = n2

x + n2
y + n2

z. These are
unambiguous except for n2 = 9 which corresponds to the n-
vector (2,2,1) and its permutations. The fourth column gives
values for the speed of light, c2, defined in the text. The
results are for the coarse 2+1 flavor 0.01/0.05 ensemble.

where M is determined from above using values of p cor-
responding to n2 = 0 and 1. This is a quantity much used
as a check of how well discretisation errors are controlled
in actions for light quarks on the lattice [30]. Even the
best light quark actions show discrepancies of c2 from 1 of
a few percent at typical lattice spacing values; some of the
poorer actions show discrepancies of many percent [31].
Our results are tabulated in Table XI and plotted in Fig-
ure 9. They show that c2 never deviates from 1 by as
much as 1% and we can determine it with errors of less
than 1%.
Deviations from 1 of c2 would be caused by both miss-

ing higher order relativistic corrections in the NRQCD
action and discretisation errors in the NRQCD and gluon

Fix 𝘢

nf=2+1
quenched:no sea 
quarks

Inconsistencies in 
quenched approx. 
become clear
First demo. that 
lattice QCD 
‘works’ when 
sea quarks are 
included. 
Consistent heavy-
onium and heavy-
light physics now 
possible
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2000s: success of MILC unquenched glue            

1990s: combine NRQCD and light quark propagators on 
quenched glue using nonrelativistic expansion of weak axial 
current, with renormalisation calculated at O(𝛼s).

Heavy-light physics with lattice NRQCD
Key target : weak annihilation amplitude of B and D mesons, parameterised by decay constant, f

Expt = CKM x theory(QCD)

0 t

A lot of work …

Combine NRQCD and staggered light quark propagators.  
Straightforward but controversial (!)            
HPQCD: Wingate et al, hep-lat/0211014,0311130; Gray et al, 0507015
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fB = 216(9)(19)(4)(6)MeV

Stat/fit            renorm           
finite-𝘢       rel. 

corrns       
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Morningstar+Shigemitsu, hep-lat/9712016,9810047

= weak axial 
current

<latexit sha1_base64="ZLaj76rnn0V5NX3rVVNJfvw+i10=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByjXsRTBPOAZFlmJ7PJkJnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm6nfvuJKs1i+WjGCfUFHkgWMYKNldr3QXYd1CZBueJW3RnQMvFyUoEcjaD81evHJBVUGsKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LZVYUO1ns3Mn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNd+RmTSWqoJPNFUcqRidH0d9RnihLDx5Zgopi9FZEhVpgYm1DJhuAtvrxMWmdV76J6/lCr1G/yOIpwBMdwCh5cQh3uoAFNIDCCZ3iFNydxXpx352PeWnDymUP4A+fzB9HXjz8=</latexit>

JA4

<latexit sha1_base64="ZLaj76rnn0V5NX3rVVNJfvw+i10=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByjXsRTBPOAZFlmJ7PJkJnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm6nfvuJKs1i+WjGCfUFHkgWMYKNldr3QXYd1CZBueJW3RnQMvFyUoEcjaD81evHJBVUGsKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LZVYUO1ns3Mn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNd+RmTSWqoJPNFUcqRidH0d9RnihLDx5Zgopi9FZEhVpgYm1DJhuAtvrxMWmdV76J6/lCr1G/yOIpwBMdwCh5cQh3uoAFNIDCCZ3iFNydxXpx352PeWnDymUP4A+fzB9HXjz8=</latexit>

JA4

<latexit sha1_base64="4213+cUB3AJgx2/4tHthxJATIo4="></latexit>

�(P ! `⌫) / V 2
abf

2
P

<latexit sha1_base64="trOi2bRutITbjh9MPI0YpZG9X9Q=">AAAB63icdVDLSsNAFL3xWeur6tLNYBFchTR9uiu6cVnBPqANZTKdtEMnkzAzEUroL7hxoYhbf8idf+OkraCiBy4czrmXe+/xY86UdpwPa219Y3NrO7eT393bPzgsHB13VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrzO/e0+lYpG407OYeiEeCxYwgnUmDSjnw0LRsS8bNbfqIsd2nLpbrmXErVfcMioZJUMRVmgNC++DUUSSkApNOFaqX3Ji7aVYakY4necHiaIxJlM8pn1DBQ6p8tLFrXN0bpQRCiJpSmi0UL9PpDhUahb6pjPEeqJ+e5n4l9dPdNDwUibiRFNBlouChCMdoexxNGKSEs1nhmAimbkVkQmWmGgTT96E8PUp+p90XLtUs6u3lWLzahVHDk7hDC6gBHVowg20oA0EJvAAT/Bshdaj9WK9LlvXrNXMCfyA9fYJc4+OiQ==</latexit>

`
<latexit sha1_base64="B+jbE8xk6Sm9SfpmM85DGMrwGZk=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GqbTp7uiG5cVrC10xpJJM21oJhmSjFKG/ocbF4q49V/c+Tdm2goqeiBwOOce7s0JYkaVdpwPK7eyura+kd8sbG3v7O4V9w9ulEgkJh0smJC9ACnCKCcdTTUjvVgSFAWMdIPJReZ374hUVPBrPY2JH6ERpyHFSBvp1hPGzLKpx5PZoFhy7LNm3a250LEdp+FW6hlxG1W3AstGyVACS7QHxXdvKHASEa4xQ0r1y06s/RRJTTEjs4KXKBIjPEEj0jeUo4goP51fPYMnRhnCUEjzuIZz9XsiRZFS0ygwkxHSY/Xby8S/vH6iw6afUh4nmnC8WBQmDGoBswrgkEqCNZsagrCk5laIx0girE1RBVPC10/h/+TGtct1u3ZVLbXOl3XkwRE4BqegDBqgBS5BG3QABhI8gCfwbN1bj9aL9boYzVnLzCH4AevtE6e2k0s=</latexit>

⌫

<latexit sha1_base64="elmADSc2YJCJszRYKohaNfv2ma8=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw8xk9Rb04jEBs0AyhJ5OT9KmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfW8mDOpLOvDWFvf2Nzazu3kd/f2Dw4LR8cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vWm15nfvadCsii8VbOYugEeh8xnBCsttfCwULTMy3rVqTjIMi2r5pSqGXFqZaeEbK1kKMIKzWHhfTCKSBLQUBGOpezbVqzcFAvFCKfz/CCRNMZkise0r2mIAyrddHHoHJ1rZYT8SOgKFVqo3ydSHEg5CzzdGWA1kb+9TPzL6yfKr7spC+NE0ZAsF/kJRypC2ddoxAQlis80wUQwfSsiEywwUTqbvA7h61P0P+k4pl01K61ysXG1iiMHp3AGF2BDDRpwA01oAwEKD/AEz8ad8Wi8GK/L1jVjNXMCP2C8fQIplY0z</latexit>a

<latexit sha1_base64="H5aLcdJJQfXL9Uvobz5zOyyOKno=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw8xk9Rb04jEBs0AyhJ5OT9KmZ6G7RwhDvsCLB0W8+kne/Bt7kggq+qDg8V4VVfW8mDOpLOvDWFvf2Nzazu3kd/f2Dw4LR8cdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vWm15nfvadCsii8VbOYugEeh8xnBCsttbxhoWiZl/WqU3GQZVpWzSlVM+LUyk4J2VrJUIQVmsPC+2AUkSSgoSIcS9m3rVi5KRaKEU7n+UEiaYzJFI9pX9MQB1S66eLQOTrXygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsq/RiAlKFJ9pgolg+lZEJlhgonQ2eR3C16fof9JxTLtqVlrlYuNqFUcOTuEMLsCGGjTgBprQBgIUHuAJno0749F4MV6XrWvGauYEfsB4+wQrGY00</latexit>

b
<latexit sha1_base64="z9XeHu0rhnAn9wxcOt5me2bPI0g="></latexit>

A0 =
h0|JA4 |P ip

2MP
=

fP
p
MPp
2

fit amplitude



9

Improved staggered quarks - asqtad

Naive discretisation of Dirac equation :

3

a (fm) Gluon Action ams amu/d L/a

UKQCD 1/10 Wilson – – 16

MILC 1/8 Lüscher-Weisz 0.05 0.01 20

MILC 1/11 Lüscher-Weisz 0.03 0.006 28

TABLE I: Gluon configurations used in this paper with in-
formation about the collaboration that produced them, the
gluon action used (the unimproved quenched Wilson action or
the Symanzik-improved Lüscher-Weisz action for full nf = 3
QCD), the s and u = d quark masses used in vacuum po-
larization, and the spatial size of the lattice. The first set of
configurations is described in [13], while the others are dis-
cussed in detail in [1, 15].

II. SYMANZIK IMPROVEMENT FOR
NAIVE/STAGGERED QUARKS

A. Naive Quarks, Doubling, and Taste-Changing
Interactions

We begin our review of staggered quarks by examin-
ing the formally equivalent “naive” discretization of the
quark action (see Appendix B):

S =
∑

x

ψ(x) (γ · ∆(U) + m0)ψ(x). (1)

where ∆µ is a discrete version of the covariant derivative,

∆µ(U)ψ(x) ≡
1

2a

(

Uµ(x)ψ(x + aµ̂) − U †
µ(x − µ̂)ψ(x − aµ̂)

)

,

(2)

Uµ(x) is the gluon link-field, a the lattice spacing, and
m0 is the bare quark mass. The gamma matrices are
hermitian,

γ†µ = γµ γ2
µ = 1 {γµ, γν} = 2 δµν , (3)

where indices µ and ν run over 0. . . 3. A complete set of
sixteen spinor matrices can be labeled by four-component
vectors nµ consisting of 0s and 1s (i.e., nµ ∈ Z2):

γn ≡
3
∏

µ=0

(γµ)nµ . (4)

A set of useful gamma-matrix properties is presented in
Appendix A.

The naive-quark action has an exact “doubling” sym-
metry under the transformation:

ψ(x) → ψ̃(x) ≡ γ5γρ (−1)xρ/a ψ(x)

= γ5γρ exp(i xρπ/a)ψ(x). (5)

Thus any low energy-momentum mode, ψ(x), of the the-
ory is equivalent to another mode, ψ̃(x), that has mo-
mentum pρ ≈ π/a, the maximum allowed on the lat-
tice. This new mode is one of the “doublers” of the naive

quark action. The doubling transformation can be ap-
plied successively in two or more directions; the general
transformation is

ψ(x) → Bζ(x)ψ(x) ψ(x) → ψ(x)B†
ζ(x) (6)

where

Bζ(x) ≡ γ ζ (−1)ζ·x/a

∝
∏

ρ

(γ5γρ)
ζρ exp(i x · ζ π/a), (7)

and ζ is a vector with ζµ ∈ Z2, while ζ is “conjugate”
to ζ (see Appendix A):

ζµ ≡
∑

ν ̸=µ

ζν mod 2 (8)

Consequently there are 15 doublers in all (in four di-
mensions), which we label with the fifteen different
nonzero ζ’s.

As a consequence of the doubling symmetry, the stan-
dard low-energy mode and the fifteen doubler modes
must be interpreted as sixteen equivalent flavors or
“tastes” of quark. (The sixteen tastes are reduced to four
by staggering the quark field; see Appendix B.) This
unusual implementation of quark tastes has surprising
consequences. Most striking is that a low-energy quark
that absorbs momentum close to ζ π/a, for one of the
fifteen ζ’s, is not driven far off energy-shell. Rather it is
turned into a low-energy quark of another taste. Thus
the simplest process by which a quark changes taste is
the emission of a single gluon with momentum q ≈ ζ π/a.
This gluon is highly virtual, and therefore it must imme-
diately be reabsorbed by another quark, whose taste will
also change (see Fig. 1). Taste changes necessarily involve
highly virtual gluons, and so are both suppressed (by
a2) and perturbative for typical lattice spacings. One-
gluon exchange, with gluon momentum q ≈ ζ π/a, is
the dominant flavor-changing interaction since it is low-
est order in αs(ζπ/a) and involves only 4 external quark
lines. (Processes with more quark lines are suppressed by
additional powers of (ap)3 where p is a typical external
momentum.) This observation is crucial when trying to
improve naive quarks by removing finite-a errors, as we
discuss below (see also [8, 9, 10]).

Sixteen tastes of quark from a single quark field is fif-
teen too many. In the absence of taste exchange, factors
of 1/16 are easily inserted into simulations to remove the
extra copies. In particular, quark vacuum polarization is
corrected by replacing the quark determinant in the path
integral by its 1/16 root,

det(γ · ∆ + m0) → det(γ · ∆ + m0)
1/16, (9)

or, equivalently, by multiplying the contribution from
each quark loop by 1/16. Recent empirical studies of
the spectrum of γ · ∆, and improved versions of it, show

transformed simply to staggered quarks with 1 spin component.
Numerically v. efficient but a remnant of the 
‘doubling problem’ remains in large  𝘢2 errors 
from ‘taste-exchange’.  
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FIG. 1: The leading tree-level taste-exchange interaction,
which involves the exchange of a gluon with momentum ζπ/a
where each ζµ is 0 or 1 but ζ2 ̸= 0.

how eigenvalues cluster into increasingly degenerate mul-
tiplets of sixteen as the lattice spacing vanishes, which is
necessary if this procedure is to be useful for quark vac-
uum polarization [17]. The treatment of valence quarks
is illustrated in Appendix G.

It is easy to see how the 1/16 root corrects for taste
in particular situations. For example, consider the vac-
uum polarization of a single pion in a theory of only one
massless quark flavor. Ignoring taste exchange, the dom-
inant infrared contributions come from the quark dia-
grams shown in Fig. 2 (gluons, to all orders, are im-
plicit in these diagrams). The first diagram, with its
double quark loop, has contributions from 162 identi-
cal massless pions, corresponding to configurations where
the quark and antiquark each carries a momentum close
to an integer multiple of π/a (and is therefore close to be-
ing on shell). This diagram is multiplied by 1/162 since
there are two quark loops, thereby giving the contribu-
tion of a single massless pion. The second diagram in-
volves quark annihilation into gluons, and has contribu-
tions from 16 identical massless pions, corresponding to
configurations where the quark and antiquark each car-
ries a momentum close to the same ζπ/a (so they can
annihilate into low-momentum gluons). This diagram is
multiplied by 1/16 since there is only one quark loop,
thereby giving the contribution again of a single mass-
less pion but now with an insertion from the gluon decay.
Inserting additional annihilation kernels results in a ge-
ometric series of insertions in the propagator of a single
massless pion that shifts the pion’s mass away from zero,
as expected in a U(1) flavor theory.

Such patterns are disturbed by taste-exchange inter-
actions like that in Fig. 1. For example, these interac-
tions cause mixing between the different tastes of pion
in Fig. 2. This mixing lifts the degeneracy in the pion
masses so that different tastes of pion are only approx-
imately equivalent. Consequently the “1/16-root rule”
gives results that correspond only approximately to a
single pion. Taste-changing interactions are suppressed
by a2, however, and detailed analyses, using chiral per-
turbation theory, demonstrate that the impact on physi-
cal quantities is therefore also suppressed by a2 [18]. Con-

sequently, while taste exchange can lead to such anoma-
lies as unitarity violations, these are suppressed in the
continuum limit. They are further, and more efficiently,
suppressed through Symanzik improvement of the action,
as we now discuss.

B. Tree-Level Symanzik Improvement

The discretization errors in the naive-quark action
come from two sources. The more conventional of these
corrects the finite-difference approximation to the deriva-
tives in the action: one replaces [6]

∆µ → ∆µ −
a2

6
∆3

µ (10)

in the naive-quark action (Eq. (1)). The a2 correction is
often referred to as the “Naik term.”

Less conventional is a correction to remove leading or-
der taste-exchange interactions [8, 9, 10]. As discussed
in the previous section, these interactions result from the
exchange of single gluons carrying momenta close to ζπ/a
for one of the fifteen non-zero ζs (ζµ ∈ Z2). Since these
gluons are highly virtual, such interactions are effectively
the same as four-quark contact interactions and could be
canceled by adding four-quark operators to the quark
action. These operators affect physical results in O(a2)
since they have dimension six. A simpler alternative to
four-quark operators is to modify the gluon-quark ver-
tex, ψγµUµψ + · · · , in the original action by introducing
a form factor fµ(q) that vanishes for (taste-changing)
gluons with momenta q = ζπ/a for each of the fifteen
nonzero ζs. In fact the form factor for direction µ need
not vanish when ζµ = 1 since the original interaction
already vanishes in that case. Consequently we want a
form factor where

fµ(q) →

{

1 for q → 0

0 for q → ζπ/a where ζ2 ̸= 0, ζµ = 0.
(11)

We can introduce such a form factor by replacing the
link operator Uµ(x) in the action with FµUµ(x) where
smearing operator Fµ is defined by

Fµ ≡
∏

ρ̸=µ

(

1 +
a2δ(2)ρ

4

)∣

∣

∣

∣

∣

symm.

(12)

and δ(2)ρ approximates a covariant second derivative when
acting on link fields:

δ(2)ρ Uµ(x) ≡
1

a2

(

Uρ(x)Uµ(x + aρ̂)U †
ρ(x + aµ̂)

− 2Uµ(x)

+ U †
ρ(x − aρ̂)Uµ(x − aρ̂)Uρ(x − aρ̂+ aµ̂)

)

.
(13)

Reduce by ‘smearing’ the gluon field in 𝛥(U); cuts 
quark coupling to 𝜋/𝘢 gluons but avoid adding 𝘢2 
errors.
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Figure 2: The simple link, three link staple, five link staple and seven link staple used in
suppressing flavor symmetry breaking. The final path is the five link path used, following
Lepage, to correct the small momentum form factor.

• Coupling to k = (0, π, 0, 0): C1 + (4− 2)C3 + (4− 8)(2C5) + (−8)(6C7)

• Coupling to k = (0, π, π, 0): C1 + (2− 4)C3 + (4− 8)(2C5) + (+8)(6C7)

• Coupling to k = (0, π, π, π): C1 + (−6)C3 + (12)(2C5) + (−8)(6C7)

If we are willing to use all the paths up to length seven, we can normalize the zero momen-
tum coupling to one and set all the others to zero with C1 = 1/8, C3 = 1/16, (2C5) = 1/32
and (6C7) = 1/64. This defines our “Fat7” action and, with tadpole improved coefficients,
the “Fat7tad” action. However, it is interesting to ask how helpful this complexity is —
could we get by with shorter paths? If we restrict ourselves to five link and shorter paths, we
can no longer satisfy all of these conditions. However, we can choose the couplings to mini-
mize the maximum of the couplings to the high momentum gluons. This leads to C1 = 1/7,
C3 = 1/14 and (2C5) = 1/28, with all couplings to high momentum gluons reduced by a
factor of seven. This defines our “Fat5” action.

Here we note that in two dimensions the equivalent of our “Fat7” action has only a 3-link
staple. Our tree level formula for the relative weight of the staple would be 0.25 in two
dimensions. This is very close to the relative weight of 0.238 introduced in the approximate
perfect action constructed in Ref.[4] for the 2D Schwinger Model.

All of these actions can be tadpole improved by inserting a factor of (1/u0)L−1 in the
coefficient of each path, where L is the length of the path. Using L−1 instead of L amounts
to absorbing one power of u0 into the quark mass. We use the average plaquette to define
u0.
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FIG. 6: Masses for different tastes of the ηc and ψ using
HISQ and ASQTAD c quarks with ϵ = 0 on a 1/11 fm lattice
(amc ≈ 0.4). For HISQ, ηcs are given (from left to right)
for the 0, 1, 2, and 3 spatial link tastes, without and then
with a temporal link; only the spatial splittings are given
for the ψ. For ASQTAD, ηc results are given for only the
0-link and 1-temporal-link operators, and ψ results for only
the 0-link operator. The dashed lines indicate the results
from experiment. Error bars are of order the size of the plot
symbols.

hadronic width:

∆Eηc
= Γ(ηc → hadrons)

(

ln(2) − 1

π
+ O(αs)

)

= −2.4(8)MeV

(40)

where we use experimental results from [23]. This correc-
tion increases our theoretical value for the ψ–ηc splitting
to 111(5)MeV, which agrees well with experiment. The
sea-quark masses in our simulations are not quite cor-
rect, but both theoretical expectations and experience
with previous simulations indicate that this has negligi-
ble effect on this hyperfine splitting.

This level of precision would be impossible using our
ASQTAD results because the taste-exchange errors are
tens of MeV— much larger than the ±5MeV expected
from other a2 errors. This example confirms that taste-
exchange errors are likely the dominant source of a2 er-
rors in the ASQTAD formalism. With HISQ, on the
other hand, taste-exchange errors have been suppressed
to a level commensurate with other errors.

Finally we also computed the masses of some radially
and orbitally excited states in the ψ family using HISQ,
although not as accurately as the ground-state masses.
High-precision determinations of excited-state masses re-
quire careful design of the meson sources and sinks used
in the simulation. Here we did not attempt high preci-
sion, but rather used simple local sources to do a quick
check on the spectrum. Our results, shown in Fig. 7,
agree well with experiment to within our statistical er-
rors.

FIG. 7: Masses for different excitations of the ψ meson from
a simulation at lattice spacing 1/11 fm. The dashed lines in-
dicate the results from experiment.

VI. SIMULATION TECHNIQUES FOR
HIGHLY-SMEARED OPERATORS

It would be highly desirable to create new unquenched
gluon configurations using the HISQ action in place of the
ASQTAD action. The use of such configurations, with
lattice spacings of order a = 0.1 fm, would significantly
reduce any residual worries about errors due to taste-
exchange interactions.

Such simulations are complicated, however, by the
heavily smeared, reunitarized links in the action. The
additional smearing and reunitarization have no effect
on the cost of the quark-matrix inversions required when
updating gluon configurations, but they complicate cal-
culation of the derivative Da(x, µ)Sq of the quark ac-
tion Sq[U ] with respect to an individual link opera-
tor Uµ(x). Derivative Da(x, µ) is defined by

f(eiϵaT a

Uµ(x)) ≡ f(Uµ(x)) + ϵaDa(x, µ)f(Uµ) + O(ϵ2)
(41)

for any function f of Uµ(x). We developed and tested
both an analytic and a stochastic version of the derivative
for this action [26].

The analytic version employs a unitary projection

V → (V V †)−
1
2 V (42)

to reunitarize each smeared link V . The main obstacle is
then computation of the gauge derivative of the inverse
square root. Using the product-rule identity for the ma-

MILC, 1004.0342, 1212.4768
Hart, von Hippel, Horgan, 0812.0503

HPQCD, hep-lat/0610092

• Reduce taste-exchange effects further by 
double smearing
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• Remove (am)4 errors in energy for heavy 
quarks. Disc. errors then suppressed by 
powers of (v/c)2.
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splittings’
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FIG. 1. The leptonic decay constant fHs
for pseudoscalar hs mesons Hs, plotted on the left versus the Hs mass as the h-

quark’s mass is varied. The solid line and gray band show our best-fit estimates for the decay constants extrapolated to zero
lattice spacing. Best-fit results (dashed lines) and simulation data are also shown for five different lattice spacings, with results
for smaller lattice spacings extending to higher masses (since we restrict amh < 1). The simulation data points have been
corrected for small mistunings of the s quark’s mass. On the right the same simulation data and fits are plotted for

√
mHs

fHs

versus 1/mHs
.

TABLE I. Parameter sets used to generate the 3-flavor gluon
configurations analyzed in this paper. The lattice spacing
is specified in terms of the static-quark potential parameter
r1=0.3133(23) fm [10]; values for r1/a are from [9]. The bare
quark masses are for the ASQTAD formalism and u0 is the
fourth root of the plaquette. The spatial (L) and temporal
(T ) lengths of the lattices are also listed, as are the number
of gluon configurations (Ncf) and the number of time sources
(Nts) per configuration used in each case.

Set r1/a au0m0u/d au0m0s u0 L/a T/a Ncf ×Nts

1 2.152(5) 0.0097 0.0484 0.860 16 48 631 × 2
2 2.618(3) 0.01 0.05 0.868 20 64 595 × 2
3 3.699(3) 0.0062 0.031 0.878 28 96 566 × 4
4 5.296(7) 0.0036 0.018 0.888 48 144 201 × 2
5 7.115(20) 0.0028 0.014 0.895 64 192 208× 2

meson. The ηs is an unphysical pseudoscalar ss meson
whose valence quarks are not allowed to annihilate; we
use its mass to tune the bare mass of the s quark: simu-
lations show that its mass is mηs,phys = 0.6858(40)GeV
when the s mass is correctly tuned [10].

We expect some statistical correlation between results
from the same configuration set but with different h-
quark masses. We have not measured these, but we have
verified that our results are insensitive (at the level of
±σ/4) to such correlations. We introduce a 50% correla-
tion for our fits, which increases our final error estimates
slightly.

Our strategy for extracting fBs
is first to fit our simu-

TABLE II. Simulation results for each of the five configura-
tion sets (Table I) and several values of the heavy-quark’s
mass mh. The s-quark’s mass ms is tuned to be close to its
physical value. Results are given for: the leptonic decay con-
stant fHs

and mass mHs
of the pseudoscalar hs meson, and

masses of the pseudoscalar hh and ss mesons, mηh and mηs

respectively.

ams aMηs amh aMHs
afHs

amηh

1 0.061 0.5049(4) 0.66 1.3108(6) 0.1913(7) 1.9202(2)
0.061 0.5049(4) 0.81 1.4665(8) 0.197(1) 2.1938(2)

2 0.0492 0.4144(2) 0.44 0.9850(4) 0.1500(5) 1.4240(1)
0.0492 0.4144(2) 0.63 1.2007(5) 0.1559(7) 1.8085(1)
0.0492 0.4144(2) 0.85 1.4289(8) 0.161(1) 2.2193(1)

3 0.0337 0.2941(1) 0.3 0.7085(2) 0.1054(2) 1.03141(8)
0.0337 0.2941(1) 0.413 0.8472(2) 0.1084(2) 1.28057(7)
0.0337 0.2941(1) 0.7 1.1660(4) 0.1112(5) 1.86536(5)
0.0337 0.2941(1) 0.85 1.3190(5) 0.1123(6) 2.14981(5)

4 0.0228 0.2062(2) 0.273 0.5935(2) 0.0750(3) 0.8994(1)
0.0228 0.2062(2) 0.564 0.9313(5) 0.0754(6) 1.52542(6)
0.0228 0.2062(2) 0.705 1.0811(8) 0.0747(8) 1.80845(6)
0.0228 0.2062(2) 0.85 1.228(1) 0.074(1) 2.08753(6)

5 0.0165 0.1548(1) 0.195 0.4427(3) 0.0555(3) 0.67113(6)
0.0165 0.1548(1) 0.5 0.8038(8) 0.055(1) 1.34477(8)
0.0165 0.1548(1) 0.7 1.017(1) 0.053(2) 1.75189(7)
0.0165 0.1548(1) 0.85 1.168(2) 0.052(2) 2.04296(7)

lation results for fHs
to the HQET-inspired formula [11]

fHs
(a,mHs

,mηs
) =

(mHs
)b
(

αV (mHs
)

αV (mDs
)

)−2/β0 Nm−1
∑

i=0

Ci(a)

(

1

mHs

)i

+ cs(m
2
ηs

−m2
ηs,phys), (1)

where β0=11− 2nf/3 = 9 in our simulations [12], αV is

Accurate  
decay 
constants 
for heavy-
light 
mesons! 
(no 
renormln)

HPQCD, 1008.4018, 1110.4510
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The masses of mesons from lattice QCD
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Some important mass splittings from lattice QCD
Bottomonium hyperfine splitting 7

40 50 60 70
M� � M�b

[MeV]

HPQCD/UKQCD05

FNAL/MILC09

Meinel10

RBC/UKQCD12

HPQCD13/15

This work

FIG. 2. Comparison of lattice QCD determinations of the
bottomonium hyperfine splitting. Our result from Eq. (8)
is given by the top purple hexagon. Previous results (green
squares) come from: HPQCD/UKQCD using O(v4) NRQCD
b quarks and 2+1 flavours of asqtad sea quarks [24]; the Fermi-
lab Lattice/MILC collaborations using the Fermilab formal-
ism for the b quark and 2+1 flavours of asqtad sea quarks [25];
S.Meinel using NRQCD b quarks with O(v6) spin-dependent
terms and 2+1 flavours of domain-wall sea quarks [26]; the
RBC/UKQCD collaboration using the RHQ formalism for the
b quark and 2+1 flavours of domain-wall sea quarks [27] and
HPQCD using radiatively-improved NRQCD b quarks with
O(v6) spin-dependent terms and 2+1+1 flavours of HISQ sea
quarks [28]. All of these results come from calculation of
connected correlation functions and do not include an uncer-
tainty from missing quark-line disconnected diagrams, except
for [28]. [28] includes the e↵ect of these disconnected diagrams
through the inclusion of 4-quark operators with coe�cients,
calculated in perturbation theory through O(↵s). See the
text for discussion of the impact on the hyperfine splitting
through ⌘b annihilation to gluons. The red band is the PDG
experimental average [1]. The result for the hyperfine split-
ting calculated here shows a clear improvement on previous
lattice QCD results, as well as being the first to include QED
e↵ects. This improvement is in large part due to the elimina-
tion of systematic uncertainties from the use of nonrelativistic
actions which arise in previous calculations.

except for that in [28]. This means that we are neglect-
ing the contribution to the ⌘b mass from its annihilation
to gluons. This contribution can be related to the ⌘b

hadronic width using NRQCD perturbation theory [4]:

�M⌘b =
�⌘b

2

✓
2(ln2 � 1)

⇡
+ O(↵s, v

2
/c

2)

◆
. (10)

Using the total width of the ⌘b of 10(5) MeV [1] gives
a shift to the ⌘b mass from the leading order term of
-1.0(5) MeV. This would result in an upward shift in
the hyperfine splitting of approximately 1 MeV, which
amounts to 0.5� for our result (Eq. (8)).

We recently showed, for the first time, that this
leading-order analysis fails in the case of the charmo-
nium hyperfine splitting [9] where, with the improved
accuracy we were able to achieve, it becomes clear that
the lattice QCD+QED result is significantly higher than
the experimental average. Assuming that this di↵erence

FIG. 3. Comparison of di↵erent experimental results for the
bottomonium hyperfine splitting. The red band shows the
PDG average of these experimental results [1]. The filled
blue hexagon is our result (Eq. (11)) and is carried down-
wards as the blue band. Note that our result here includes
an uncertainty from the e↵ect of ⌘b annihilation missing from
our lattice calculation. There is some tension between the dif-
ferent experimental results with our value favouring the most
recent result from BELLE [29]. The result labelled CLEO is
from [30], BABAR01 from [31] and BABAR02 from [32].

is the result of the e↵ect of ⌘c annihilation missing from
the lattice calculation, it seems that the leading-order
perturbative analysis is misleading in this case. Presum-
ably missing higher-order terms in the perturbative anal-
ysis or nonperturbative e↵ects from mixing between the
⌘c and other flavour-singlet pseudoscalar mesons [34], or
both combined, have a larger e↵ect than the leading-
order term and opposite sign. In the bottomonium case
the ⌘b is considerably further from these lighter states
and so we may expect a much smaller e↵ect from this.
We also expect perturbation theory to be more reliable at
the higher energy associated with bottomonium states.

We therefore allow an additional 1 MeV uncertainty for
the impact of ⌘b annihilation on the hyperfine splitting
and give a final result of

M⌥ � M⌘b = 57.5(2.3)(1.0) MeV. (11)

The first uncertainty is from the lattice calculation and
the second from missing quark-line disconnected contri-
butions.

The experimental average value for the bottomonium
hyperfine splitting (62.3 ± 3.2 MeV) [1] is shown by a
red band on Fig. 2. A more detailed comparison with
experimental results is given in Fig. 3. This makes clear
the spread in the experimental results, handled in [1] by
increasing the uncertainty in the average by a factor of
1.8. In particular it shows that the most recent and most
precise result from BELLE [29] is noticeably lower than
the others. This BELLE result is in agreement with our
determination to within 1�.

Our result is also in agreement with the PDG average
to within 1.5�. We see no disagreement with the experi-
mental result that would signal a larger contribution from
⌘b annihilation than the 1 MeV that we have allowed

HPQCD, 2101.08103, HISQ
Improved NRQCD

NRQCD

NRQCD

RHQ

Fermilab clover

57.5(2.3)(1.0) MeV

Bc meson mass

7

FIG. 2. Comparison of lattice QCD determinations of the
bottomonium hyperfine splitting. Our result from Eq. (8)
is given by the top purple hexagon. Previous results (green
squares) come from: HPQCD/UKQCD using O(v4) NRQCD
b quarks and 2+1 flavours of asqtad sea quarks [24]; the Fermi-
lab Lattice/MILC collaborations using the Fermilab formal-
ism for the b quark and 2+1 flavours of asqtad sea quarks [25];
S.Meinel using NRQCD b quarks with O(v6) spin-dependent
terms and 2+1 flavours of domain-wall sea quarks [26]; the
RBC/UKQCD collaboration using the RHQ formalism for the
b quark and 2+1 flavours of domain-wall sea quarks [27] and
HPQCD using radiatively-improved NRQCD b quarks with
O(v6) spin-dependent terms and 2+1+1 flavours of HISQ sea
quarks [28]. All of these results come from calculation of
connected correlation functions and do not include an uncer-
tainty from missing quark-line disconnected diagrams, except
for [28]. [28] includes the e↵ect of these disconnected diagrams
through the inclusion of 4-quark operators with coe�cients,
calculated in perturbation theory through O(↵s). See the
text for discussion of the impact on the hyperfine splitting
through ⌘b annihilation to gluons. The red band is the PDG
experimental average [1]. The result for the hyperfine split-
ting calculated here shows a clear improvement on previous
lattice QCD results, as well as being the first to include QED
e↵ects. This improvement is in large part due to the elimina-
tion of systematic uncertainties from the use of nonrelativistic
actions which arise in previous calculations.

except for that in [28]. This means that we are neglect-
ing the contribution to the ⌘b mass from its annihilation
to gluons. This contribution can be related to the ⌘b

hadronic width using NRQCD perturbation theory [4]:

�M⌘b =
�⌘b
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Using the total width of the ⌘b of 10(5) MeV [1] gives
a shift to the ⌘b mass from the leading order term of
-1.0(5) MeV. This would result in an upward shift in
the hyperfine splitting of approximately 1 MeV, which
amounts to 0.5� for our result (Eq. (8)).

We recently showed, for the first time, that this
leading-order analysis fails in the case of the charmo-
nium hyperfine splitting [9] where, with the improved
accuracy we were able to achieve, it becomes clear that
the lattice QCD+QED result is significantly higher than
the experimental average. Assuming that this di↵erence
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FIG. 3. Comparison of di↵erent experimental results for the
bottomonium hyperfine splitting. The red band shows the
PDG average of these experimental results [1]. The filled
blue hexagon is our result (Eq. (11)) and is carried down-
wards as the blue band. Note that our result here includes
an uncertainty from the e↵ect of ⌘b annihilation missing from
our lattice calculation. There is some tension between the dif-
ferent experimental results with our value favouring the most
recent result from BELLE [29]. The result labelled CLEO is
from [30], BABAR01 from [31] and BABAR02 from [32].

is the result of the e↵ect of ⌘c annihilation missing from
the lattice calculation, it seems that the leading-order
perturbative analysis is misleading in this case. Presum-
ably missing higher-order terms in the perturbative anal-
ysis or nonperturbative e↵ects from mixing between the
⌘c and other flavour-singlet pseudoscalar mesons [34], or
both combined, have a larger e↵ect than the leading-
order term and opposite sign. In the bottomonium case
the ⌘b is considerably further from these lighter states
and so we may expect a much smaller e↵ect from this.
We also expect perturbation theory to be more reliable at
the higher energy associated with bottomonium states.

We therefore allow an additional 1 MeV uncertainty for
the impact of ⌘b annihilation on the hyperfine splitting
and give a final result of

M⌥ � M⌘b = 57.5(2.3)(1.0) MeV. (11)

The first uncertainty is from the lattice calculation and
the second from missing quark-line disconnected contri-
butions.

The experimental average value for the bottomonium
hyperfine splitting (62.3 ± 3.2 MeV) [1] is shown by a
red band on Fig. 2. A more detailed comparison with
experimental results is given in Fig. 3. This makes clear
the spread in the experimental results, handled in [1] by
increasing the uncertainty in the average by a factor of
1.8. In particular it shows that the most recent and most
precise result from BELLE [29] is noticeably lower than
the others. This BELLE result is in agreement with our
determination to within 1�.

Our result is also in agreement with the PDG average
to within 1.5�. We see no disagreement with the experi-
mental result that would signal a larger contribution from
⌘b annihilation than the 1 MeV that we have allowed
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FIG. 15. A comparison of results for the Bs meson mass from
di↵erent formalisms for the b quark in lattice QCD. The exper-
imental average value is given at the top with accompanying
vertical lines.
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FIG. 16. A comparison of results for the Bc meson mass from
di↵erent formalisms for the b quark in lattice QCD. In each
case the result from the hh method is given above the result
for the hs method. The experimental average value is given at
the top with accompanying vertical lines.
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None of the meson masses included here were used to tune
parameters of the action so all the masses are parameter-free
results from lattice QCD.

ues. This plot summarises the coverage and the predic-
tive power of lattice QCD calculations.
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FIG. 3. Ratio R(mh/mc, Q = 1
3 ) is plotted versus mh/mc. It is

the ratio of mh/mc computed with QED charge Q = 1
3 to the result

without QED (Q = 0), where the quark masses are tuned to give the
same results for mP

hh (bottom, red) or mV
hh (top, blue). Results are

shown from configuration Sets 1 (squares) and 3 (circles). Errors are
smaller than the plot symbols. The blue and red shaded areas show
the ±1� fits to the data (Eq. (32)).

R is quadratic in Qc to better than 0.01% so the QED correc-
tion (R � 1) required to go from charge 1

3 to charge 2
3 is three

quarters that required to go from 0 to 2
3 :

R
�
mc(3 GeV), Qc = 1

3 !
2
3

�
= 0.99867(13). (29)

The other R factor, for mb/mc, is expected to be much
closer to one for two reasons: the QED corrections for the
b and c masses are similar and tend to cancel in the ratio;
and the charges Qc,b = 1

3 are smaller (and the QED effect
is quadratic in the charge). To estimate the effect, we cal-
culated the ratio R0 of meson masses mhh with and without
Qc,b = 1

3 QED, holding the quark masses constant, for two of
our configuration sets; our results are in Table IV. This quan-
tity can be related to the R factor for mb/mc by re-expressing
the R-factor in terms of lattice masses, using Eq. (1) (since
Qc = Qb), and writing it as

R(mb/mc, Q) = 1 +
�m̃Q

b

m̃b
�

�m̃Q
c

m̃c
+ O

�
�m̃2

�
, (30)

where �m̃Q
c,b are the quark mass shifts needed to hold the me-

son masses constant when QED is added to the simulation.
The mass shifts can be calculated for different heavy-quark
masses mh from the R0 factors in Table IV:

�m̃Q
h =

�
1 � R0(mhh, Q)

�
mhh

dm̃h

dmhh
. (31)

Here the derivative is estimated for each configuration by fit-
ting a cubic spline to the am̃h values in Table II as a function
of the corresponding amhh values.

Values for R(mh/mc, Q = 1
3 ) are plotted versus mh/mc

in Fig. 3 for both pseudoscalar (below) and vector (above)
mesons from the two configuration sets. We fit these data to a
simple function suggested by QED perturbation theory:

R = 1 +
3X

i=1

ci logi(m̃h/m̃c) +
5X

j=1

dj

�
am̃h/2

�j (32)

4.2 4.4
mb(mb,n f = 4) (GeV)

HPQCD ’21 (HISQ)

Fermilab/MILC/TUMQCD ’18

Gambino et al ’17

ETM ’16

HPQCD ’14 (NRQCD b)

HPQCD ’14 (HISQ)

QCD
QCD+QED

FIG. 4. Values for the MS mass of the b quark from lattice QCD sim-
ulations with nf = 2+1+1 flavors of sea quark. Results are shown
from: HPQCD ’21 (this paper), Fermilab/MILC/TUMQCD [15],
Gambino et al [18], ETM [19], HPQCD ’14 (NRQCD) [20], and
HPQCD ’14 (HISQ) [4]. The gray band corresponds to the top re-
sult (HPQCD ’21), the only one from simulations that include QED.

with priors ci = 0.000(5) and dj = 0.0(5). Extrapolating to
the b mass gives:

R(mb/mc, Q = 1
3 ) =

(
1.000372(90) from mP

hh

1.00036(19) from mV
hh.

(33)

The two results agree with each other, but the corrections are
too small to affect our final results significantly.2 We use the
larger error in the error budgets for our final result.

Including both R factors, we arrive at new results for the
quark mass ratio at µ = 3 GeV that include (quenched) QED:

mb(3 GeV)

mc(3 GeV)

�����QCD
QED

=

(
4.586(13) from mP

hh

4.586(15) from mV
hh.

(34)

These again agree with each other. The weighted average,
which is our final result, is:

mb(3 GeV)

mc(3 GeV)

�����QCD
QED

= 4.586(12). (35)

The error budgets for these ratios are the same as those in Ta-
ble III, but with an additional uncertainty of 0.03% associated
with the QED correction.3 Mass ratios for other values of the
renormalization scale are readily calculated using QED per-
turbation theory:

mb(µ)

mc(µ)

�����QCD
QED

=
⇣ µ

3 GeV

⌘↵QED/2⇡ mb(3 GeV)

mc(3 GeV)

�����QCD
QED

. (36)

2 R(mb/mc, Q = 1
3 ) = 1.00059 to leading order in QED perturbation

theory. Our results are close to this value but also include nonperturbative
corrections from QCD.

3 The QED uncertainty is obtained by adding (in quadrature) the 0.013%
uncertainty in Eq. (29), the 0.019% uncertainty in Eq. (33), and 0.017% for
possible corrections due to quenching QED (10% of the QED correction).
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mc(mc, nf = 4)(GeV)

HPQCD HISQ RI-SMOM

HPQCD HISQ RI-SMOM

HPQCD HISQ JJc

FNAL/MILC/TUM HISQ MRS

ETMC twisted mass RI-MOM

PDG

u,d,s,c sea + qQED

u,d,s,c sea

FIG. 13. Comparison of lattice QCD results for mc that in-
clude u, d, s and c quarks in the sea. The top two results are
the ones from this paper. Our QCD + quenched QED result is
given in Eq. (17). Our pure QCD result, Eq. (13), supersedes
our earlier result in [47]. The Fermilab/MILC/TUM result
is from [52] and uses a method based on charm-light meson
masses. The ‘HPQCD HISQ JJc’ result is from [27] and uses
current-current correlator techniques. These three results
agree to better than 1%. The ETMC result is from [53] and
uses the RI-MOM intermediate scheme. The grey band gives
the ±1� uncertainty band from the Particle Data Group [1].

explicitly includes a calculation of the impact of quenched
QED on the determination of the quark mass.

The top three results in the pure QCD section of the
figure all include an estimate of, and correction for, QED
e↵ects. These corrections are made, however, by allow-
ing for ‘physical’ QED e↵ects such as those arising from
the Coulomb interaction between quark and antiquark
in a meson. They do not allow for the QED self-energy
contribution which is substantial. Although a large part
of this is cancelled by the impact of QED on the mass
renormalisation, a consistent calculation has to include
both e↵ects, as we have done here.

An important point about Figure 13 is that the top
three pure QCD results all have uncertainties of less than
1% and agree to better than 1%, using completely di↵er-
ent methods. This implies a smaller uncertainty on mc

than the 1.5% allowed for by the Particle Data Group [1].
This impressive agreement is not changed by our new re-
sult including quenched QED because, as we have shown,
the impact of this is at the 0.2% level.

V. J/ AND ⌘c DECAY CONSTANTS

The decay constant of the J/ , fJ/ , is defined from
the matrix element between the vacuum and a J/ meson
at rest by

h0| �µ |J/ i = fJ/ MJ/ ✏µ, (19)

where ✏µ is the component of the polarisation of the J/ 
in the direction of the vector current. In terms of the
ground state amplitude, AV

0 , and mass, MV
0 (⌘ EV

0 ),
obtained from the fit of Eq. (3) to the charmonium vector
correlator it is (in lattice units)

fJ/ = ZV

s
2AV

0

MV
0

. (20)

ZV is the renormalisation factor required to match the
lattice vector current to that in continuum QCD if a non-
conserved lattice vector current is used (as here). We
discuss the renormalisation of vector currents using in-
termediate momentum-subtraction schemes in [16] and
we will make use of the results based on the RI-SMOM
scheme here (see Section II). Note that there is no ad-
ditional renormalisation required to get from the RI-
SMOM scheme to MS because the RI-SMOM scheme
satisfies the Ward-Takahashi identity [16].

The partial decay width of the J/ to an `+`� pair
(` = e, µ) is directly related to the decay constant. At
leading order in ↵QED and ignoring (m`/MJ/ )4 correc-
tion terms, the relation is

�(J/ ! `+`�) =
4⇡

3
↵2

QED,e↵(M2
J/ )Q2

c

f2
J/ 

MJ/ 
, (21)

where Qc is the electric charge of the charm quark in
units of the charge of the proton. Note that the for-
mula contains the e↵ective coupling, ↵QED,e↵ evaluated
at the scale of MJ/ but without including the e↵ect
of the J/ resonance in the running of ↵QED to avoid
double-counting [54].

Experimental values of �(J/ ! e+e�) are obtained
by mapping out the cross-section for e+e�

! e+e� and
e+e�

! hadrons through the resonance region [55] or by
using initial-state radiation to map out this region via
e+e�

! µ+µ�� [56]. In either case initial-state radi-
ation and non-resonant background must be taken care
of [57, 58]. A cross-section fully inclusive of final-state ra-
diation is obtained; interference between initial and final-
state radiation is heavily suppressed [59]. The resonance
parameter determined by the experiment is then the ‘full’
partial width [58, 60],

�`` =
�(0)
``

|1 � ⇧0|
2

(22)

where �(0) is the partial width to lowest order in QED
and ⇧0 is the photon vacuum polarisation. The e↵ect
of the vacuum polarisation is simply to replace ↵QED

in the lowest-order QED formula for the width with
↵QED,e↵(M2), as we have done in Eq. (21).

The experimental determination of �`` is accurate to
2% for the J/ [1]. This allows us to infer a decay
constant value from experiment, accurate to 1%, using

QCD parameters - quark masses Multiple lattice methods agree well -  now including 
effects from electric charge of valence quarks

HPQCD, 2005.01845, 
2102.09609

Ratio more accurate than individual masses:

Accuracy of �(H ! bb)/�(H ! cc) in the Standard Model using mb/mc from lattice
QCD+QED
3 April 2023

Christine T. H. Davies1, a and G. Peter Lepage2

(HPQCD Collaboration)
1SUPA, School of Physics and Astronomy, University of Glasgow, Glasgow, G12 8QQ, UK

2Laboratory of Elementary Particle Physics, Cornell University, Ithaca, New York 14853, USA

In [1] the ATLAS collaboration probes the H ! cc

decay by determining the ratio of branching fractions for
H ! bb and H ! cc. This seems a very promising way
forward to pin down the Higgs coupling to c experimen-
tally, critical to understanding the nature of the Higgs
interactions with the second generation of quarks. It
is then appropriate to ask how accurately this ratio of
branching fractions is calculable in the Standard Model
(SM)? Our back-of-the-envelope estimates here indicate
that this ratio has an uncertainty of less than 1% in the
SM, using the accurate quark mass ratio now available
from lattice QCD+QED (hence our interest in this ques-
tion). This is much more accurate than is apparent from
the current LHC Higgs Working Group numbers [2] and
might justify a more detailed study. It could even make
sense to define the H ! cc rate from the H ! bb rate
multiplied by the branching fraction ratio.

The ratio of SM rates (and branching fractions) for H
decay to bb and cc is (e.g. [3])

R�b,c =
�b,SM

�c,SM

=
m

2

b
(MH)

m
2

c
(MH)

(1 + rb)

(1 + rc)
, (1)

where normalising factors have cancelled and mq is the
quark mass in the MS scheme at the scale MH , the Higgs
mass. r contains radiative corrections including terms
dependent on m

2

q
/M

2

H
. Table I (top table) gives values

for the Higgs decay rates to bb and cc from [2] along with
their quoted uncertainties. The input values used for
quark masses in [2] are:

mb(mb) = 4.18(3)GeV

mc(3GeV) = 0.986(26)GeV (2)

in the MS scheme. From Table I we find an uncertainty
of 5.7% in R�b,c . The uncertainty is dominated by that
from mc but there is also a 0.5% parametric uncertainty
from ↵s.

From Eq. 1 it is immediately obvious that an accu-
rate value of R�b,c requires an accurate determination of
mb/mc. Such a determination is possible in lattice QCD
because we can simultaneously tune both lattice quark
masses against very accurately determined experimental

achristine.davies@glasgow.ac.uk

TABLE I: Top: values for the Higgs decay rates, including

all corrections, from Table 182 of [2] at MH = 125GeV.

Quoted parametric uncertianties from ↵s and quark masses

are given along with remaining theory uncertainties. In the

third row we give the decay rate ratio R�b,c and its uncer-

tainties. We have assumed correlation of the ↵s uncertainties

between b and c, but taken the mass and theory uncertain-

ties to be uncorrelated and added them in quadrature. Bot-

tom: H ! bb and H ! cc widths without electroweak cor-

rections. Values taken from Table 183, without uncertainties,

for MH = 125GeV.

Full case � [MeV] �↵s �mq Theory

H ! bb 2.38 ±1.4% ±1.7% ±0.5%

H ! cc 0.118 ±1.9% ±5.3% ±0.5%

ratio, R�b,c 20.2 ±0.5 ±5.6% ±0.7%

without EW corrns � [MeV] �↵s �mq Theory

H ! bb 2.406

H ! cc 0.1178

ratio 20.4

meson masses, and the ratio of lattice masses in the con-
tinuum limit gives the ratio in the MS scheme [4]. The
ratio is independent of scheme and scale in QCD but, at
the level of accuracy now available, we must pay atten-
tion to QED e↵ects.
There are two accurate results available that use di↵er-

ent approaches but agree well. Fermilab/MILC [5] find

mb

mc

= 4.578(8)(10) . (3)

Their calculation tunes the quark masses against heavy-
light meson masses in lattice QCD; the second uncer-
tainty of (10) is their estimate of the systematic error
from missing QED e↵ects. The HPQCD [6] result

mb(3GeV, nf = 4)

mc(3GeV, nf = 4)

����
QCD+QED

= 4.586(12) (4)

uses lattice QCD+QED to tune quarks masses using
heavyonium masses. The major QED e↵ects from the
electric charge of the valence quarks are fully included
here; the sea quarks are taken to be electrically neutral
but this approximation should have negligible e↵ect. The
scale is given explicitly because the ratio is not scale-
invariant when QED is included (for example running

<latexit sha1_base64="urYB3UMgYOcDCybPTQp+OMLrcYA="></latexit>

�(H ! bb)

�(H ! cc)

����
SM

=
m

2
b
(MH)

m
2
c
(MH)

(1 + rb)

(1 + rc)
calculable to 0.9%; rb, rc give 3% shift

(LHC HiggsWG give 6%)

0.3% accurate

new value soon!

1.2719(78) GeV

4.202(21) GeV
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Meson weak and electromagnetic decay rates
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determined by hadronic 
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constant, f. 
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B and Bs mixing
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Fig. 10 a Distribution of the decay time for B0
s → D−

s π+ candi-
dates tagged as mixed and unmixed with the projection of the fit result,
which is described in the text. b Calibration of the SSK tagger using
B0
s → D−

s π+ decays. The black points show the average measured
mistag probability, ω, in bins of predicted mistag, η, the red line shows

the calibration obtained from the fit described in the text, and the yel-
low area the calibration uncertainty within one standard deviation. The
shaded histogram shows the distribution of η in the background sub-
tracted B0

s → J/ψ φ sample

effective tagging power and efficiency for these both OS and
SSK tagged candidates is given in Table 2.

8 Maximum-likelihood fit

The maximum-likelihood fitting procedure is similar to that
in Ref. [27], the only major differences being the treatment
of the decay-time efficiency and that the quantity &s − &d is
measured instead of &s . It has been checked via pseudoexper-
iments that, given that the decay-time efficiency is obtained
using &d as an input parameter (see Sect. 5), the fitted value
of &s − &d and its uncertainty are independent of the value
and uncertainty of &d . This strategy has the advantage that
the measured value of &s − &d can be combined with the
most up-to-date value of &d to obtain &s or &s/&d .

Each candidate i is given a signal weight Wi using the
sPlot method with m(J/ψ K+K−) as a discriminating vari-
able and σm as a conditional variable as explained in Sect. 3.
A weighted fit is then performed to the B0

s decay time and
helicity-angle distributions using a PDF that describes only
the signal. The log-likelihood in each of the 24 data subsam-
ples is scaled by a per-sample factor α = ∑

i Wi/
∑

i W
2
i to

account for the effect of the weights in the determination of
the parameter uncertainties [34].

The distribution of the decay time and angles for a B0
s

meson produced at time t = 0 is described by a sum of
ten terms, corresponding to the four polarisation amplitudes
squared and their interference terms. Each of these is given
by the product of a decay-time-dependent function and an
angular function

d4&(B0
s → J/ψK+K−)

dt d)
∝

10∑

k=1

Nk hk(t) fk()), (9)

with

hk(t |B0
s ) =

3
4π

e−&t
(
ak cosh

*&t
2

+ bk sinh
*&t

2

+ck cos(*mt)+ dk sin(*mt)
)
, (10)

hk(t |B̄0
s ) =

3
4π

e−&t
(
ak cosh

*&t
2

+ bk sinh
*&t

2

−ck cos(*mt) − dk sin(*mt)
)
, (11)

where the definition of the parameters Nk , ak , bk , ck , dk and
of the function fk()) can be found in Table 3.

The interference between the different S- and P-wave con-
tributions is accounted for via an effective coupling factor,
CSP. The CSP factors are computed by integrating the inter-
ference between the S- and P-wave contributions in each
of the six m(K+K−) bins in which the analysis is per-
formed, using the same strategy as in the previous analy-
sis. They are applied by multiplication to the relevant terms
in Eq. (9). The CSP factors are unity for terms involving
P-wave and S-wave amplitudes only (k < 8). In the determi-
nation of the CSP factors, the m(K+K−) lineshape of the P-
wave component is described by a relativistic Breit–Wigner
distribution, while the S-wave is taken as an f0(980) reso-
nance modelled as a Flatté amplitude with parameters from
Ref. [62]. The CSP correction factors are calculated to be
0.8463, 0.8756, 0.8478, 0.8833, 0.9415 and 0.9756 from the
lowest to the highest m(K+K−) bin. Their effect on the fit
results is small and is discussed further in Sect. 9, where three
different S-wave lineshapes are considered to assign a sys-
tematic uncertainty. The PDF considers four disjoint tagging
cases: only OS tagged candidates, only SSK-tagged, OS and
SSK tagged, and untagged candidates. Taking into account all

123

Like weakly-coupled identical pendulums - eigenstates are 
orthogonal mixtures of flavour states. Flavour states then 
‘oscillate’ at f=𝛥M of eigenmodes, fn of <O1> and Vts/Vtd. hOq

1i(µ) =
8

3
f
2
Bq

M
2
Bq

B
(1)
Bq

(µ)
<latexit sha1_base64="Ecfs1E0fA+YFH3uuEmC9xug0IzU="></latexit>
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values for the 4-quark operator matrix elements using
Eq. (B1) and our results in Table V. For this we use the
most accurate current lattice QCD results obtained on
gluon field configurations including u/d, s and c quarks
in the sea. These have been obtained by the Fermi-
lab/MILC collaboration using the HISQ action for all
quarks [13]. This ‘heavy-HISQ’ approach, pioneered by
HPQCD [38, 39], uses pseudoscalar meson 2-point cor-
relators that combine heavy and light quark propaga-
tors calculated with multiple heavy quark masses, amh,
at multiple values of the lattice spacing. mh reaches
the b quark mass for amh < 1 for lattice spacing val-
ues a < 0.045 fm. Since the HISQ action has very
small discretisation errors by design, a fit to the mh- and
a�dependence is possible that allows the continuum mh-
dependence of the decay constant to be reconstructed. It
can then be evaluated at the b quark mass to enable the
B and Bs decay constants to be determined. Note that
the correlators can be absolutely normalised in this case
and so there is no normalisation uncertainty.

Fermilab/MILC obtain the values fBd
= 0.1905(13)

GeV, fBs
= 0.2307(13) GeV and fBs

/fBd
= 1.2109(41)1.

Note that we use the decay constant for the neutral Bd

meson (not the Bu), which is the appropriate choice here.
Our bag parameters are calculated for a light quark l

corresponding to the average of u and d. Our results
show (comparing those for Bs with those for B) that
any di↵erence between bag parameters for Bl and Bd

will be much smaller than our uncertainties. This is not
true for the decay constants, where the di↵erences are
significant [13].

For the SM phenomenology to be determined from
our results for the matrix elements of O1 it is conve-
nient to convert our results from the MSNDR scheme to
the renormalisation-group-invariant quantities B̂

(1)
Bq

. The
conversion is given by

B̂
(1)
Bq

= cRGIB
(1)
Bq

(mb) . (11)

The matching factor cRGI is calculated to two-loops in
perturbative QCD and we take cRGI = 1.5158(36) [8].
This corresponds to the result for nf = 5 active flavours
in the sea and ↵s(MZ) = 0.1185(6). Our bag parameters
are obtained at scale mb for 4 flavours of quarks in the
sea. The impact of missing b quarks in the sea, however,
should be negligible both for the bag parameters and the
resulting 4-quark operator matrix elements. A power-
counting estimate of such e↵ects would give a relative
contribution of ↵s(⇤QCD/2mb)2, which is below 0.1%.

Our results for the RGI bag parameters for O1 are

1 Our results obtained on nf = 2+1+1 gluon field configurations
from NRQCD-HISQ calculations [2, 40] agree with these numbers
but are less accurate.

240 250 260 270 280

fBs

q
B̂

(1)
Bs

[MeV]

HPQCD’19

FNAL/MILC’16

HPQCD’09

261.5(4.8)

nf = 4

nf = 3

FIG. 7. A comparison of our results (red filled circles at
nf = 4) to previous lattice QCD values for the combination of

decay constant and square root of bag parameter fBs

q
B̂

(1)
Bs

.

Previous results (blue filled squares) come from the Fermi-
lab/MILC collaboration [8] and from HPQCD [4] on nf = 3
gluon field configurations. The Fermilab/MILC results in-
clude a 1% uncertainty for missing c in the sea. The grey
band is the weighted average of our new results and those
of [8] and the new lattice QCD average value is quoted at the
top.

then:

B̂
(1)
Bs

= 1.232(53) (12)

B̂
(1)
Bd

= 1.222(61)

B̂
(1)
Bs

B̂
(1)
Bd

= 1.008(25) .

The ratio of RGI bag parameters is of course the same
as that of the MS bag parameters. Combined with the
decay constant results from [13] we obtain

fBs

q
B̂

(1)
Bs

= 0.2561(57) GeV (13)

fBd

q
B̂

(1)
Bd

= 0.2106(55) GeV

⇠ = 1.216(16)

where ⇠ is the ratio of the two results above it. We form ⇠

by combining the result for fBs
/fBd

from [13] with our re-

sults for B
(1)
Bs

/B
(1)
Bd

, taking advantage of the correlations
that reduce uncertainties in each of these ratios. Note
that in combining the decay constant and bag parameter
results we add relative uncertainties in quadrature. We
expect no significant correlation between the two sets of
results because they use a di↵erent heavy quark action
and, even though both results use nf = 2 + 1 + 1 gluon
field configurations, there is little overlap in the ensem-
bles used. The error budgets in the two cases show that
the key sources of uncertainty are not the same. The un-
certainties in the combinations above are dominated by
the uncertainties in our bag parameters and their ratio
in Eq. (12) because the decay constant results are now
so accurate.

Calculate ME on 
lattice. Match to 
continuum at 
O(𝛼s)

11

and determining other CKM elements in the same rows
or columns from the comparison of theory and experi-
ment [59–62]. For Eq. (15) it is important to use values
for Vtq that did not include �Mq itself in their determi-
nation. So we use the results from CKMfitter for the case
where only tree-level processes were used in the determi-
nation. This gives [61]

|Vts|CKMfitter, tree =
�
41.69+0.39

�1.45

�
⇥ 10�3 (16)

|Vtd|CKMfitter, tree =
�
9.08+0.23

�0.45

�
⇥ 10�3

|Vtd/Vts|CKMfitter, tree = 0.2186+0.0049
�0.0059

|Vtb|CKMfitter, tree = 0.999093+0.000064
�0.000018 .

The ratio |Vtd/Vts|CKMfitter, tree is derived from the CKM-
fitter results for A, �, ⇢ and ⌘ using the formulae in [59].
The central value di↵ers slightly from the ratio of the two
numbers above.

The final terms in Eq. (15) parameterise the hadronic
contribution to �M through the matrix element of
the appropriate 4-quark operator, O1. Our results for

f
2
Bq

B̂
(1)
Bq

are given in Eq. (13).

Putting all these pieces together we obtain predictions
for the mass di↵erences for neutral Bs and Bd eigenstates
of

�Ms,SM = 17.59(+0.33
�1.22)(0.78) ps�1 (17)

�Md,SM = 0.555(+28
�55)(29) ps�1

✓
�Md

�Ms

◆

SM

= 0.0318(+14
�17)(8) ,

where the first error in each case is from the CKM ma-
trix elements and the second error is primarily from the
lattice analyses. These results agree well with the exper-
imental values from Eq. (14) — the largest discrepancy
is 1.7� for the ratio of �M values — but they have much
larger uncertainty.

D. Vts and Vtd

Because the experimental values for �Mq are so ac-
curate, a better approach to understanding the implica-
tions of our improved lattice QCD results for the relevant
hadronic matrix elements is to turn the analysis of the
previous subsection on its head. That is, to use our re-
sults and the experimental values for �Mq to determine
values for |Vts| and |Vtd| from Eq. (15) (taking a value
for Vtb from Eq. (16) [61]). |Vts| and |Vtd| obtained this
way can then be compared to other determinations that
make use of CKM unitarity as a test of that unitarity.

The ratio of |Vts| to |Vtd| can be obtained more ac-
curately than the separate CKM elements because this
makes use of the hadronic parameter ⇠ (Eq. (13)) in
which a lot of the lattice QCD uncertainties cancel (see
Section IV A).

6.5 7.0 7.5 8.0 8.5 9.0 9.5
|Vtd| [10�3]

3.8

4.0

4.2

4.4

|V
ts

|
[1

0�
2
]

HPQCD’19

RBC/UKQCD’18

FNAL/MILC’16

CKMFitter’18 (tree)

CKMFitter’18

UTFit’18

King et al’19

FIG. 9. A comparison of ±1� constraints on Vts and Vtd

from experimental results on Bs and Bd oscillation frequencies
compared to SM calculations. This is an update of Figure
7 in [39] to include the results presented here. The lattice
QCD constraints shown come from: this paper, dark grey;
[8], red; [9], light blue, |Vts|/|Vtd| ratio only. The light blue
lozenge is from sum rules [39]. The lozenges with dashed
boundaries include a full unitarity triangle fit: light pink is
from CKMfitter [59, 61] and orange from UTFit [60, 62]. The
green lozenge with dotted boundary is the result of a unitarity
triangle fit for tree-level processes only from CKMfitter.

Our results are

|Vtd| = 0.00867(23) (18)

|Vts| = 0.04189(93)

|Vtd| / |Vts| = 0.2071(27) .

Figure 9 plots the ±1� constraints on |Vtd|, |Vts| and
their ratio from our results as the dark grey lozenge. Re-
sults determined by other lattice QCD calculations [8, 9]
are also shown along with a recent determination using
sum rules [39]. Also shown as light pink and orange
lozenges are results from fits to the CKM unitarity trian-
gle using results from many di↵erent processes [61, 62].
Particularly relevant here is the green lozenge which re-
sults from a unitarity triangle fit that includes tree-level
processes only [61], and therefore not Bs/Bd oscillations.
Tension between results derived from �Mq (as here) and
the results derived from tree-level processes and unitar-
ity would imply the existence of new physics in loop pro-
cesses.

The Fermilab/MILC results (red lozenge in Figure 9)
highlighted an approximately 2.0� tension between their
values for Vts and Vtd and those from unitarity fits.
See [63, 64] for examples of the possible implications of
this.

Our results show no such tension. Our values for Vts

and Vtd separately agree with the {CKMfitter, tree} re-
sults in Eq. (16) within 1� and the di↵erence in the ratio
amounts to 1.8�. This limits the scope for new physics in
loop-induced processes. However, our ratio for |Vtd|/|Vts|

joins the systematic trend of the previous results shown
in Figure 9 in being below that of {CKMFitter, tree}.

‘bag parameter’

HPQCD,1907.01025
FNAL/MILC,1602.03560

HPQCD - 2.5% 
errors - 
consistent at 2𝜎 
with CKM 
unitarity from 
tree processes 
(i.e. not inc. 
𝛥M)±1�
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TABLE IX. Numerical results for the Hs and H
⇤
s decay con-

stants in physical units. Here, we give the value of fT

H⇤
s
using

the current renormalisation factors run to the scale µ = m
pole
b

.

Set amh afHs
afH⇤

s
af

T

H⇤
s

1 0.89 0.20255(40) 0.2233(34) 0.2048(22)

2 0.863 0.19755(17) 0.2175(14) 0.1966(15)

3 0.664 0.15669(26) 0.17391(81) 0.1575(12)

5 0.643 0.152763(65) 0.16722(31) 0.15042(88)

6 0.449 0.11242(20) 0.12265(97) 0.1103(15)

0.5 0.11324(12) 0.12168(71) 0.11096(83)

0.65 0.11487(15) 0.12107(67) 0.11158(77)

0.8 0.11628(20) 0.12071(67) 0.11209(77)

7 0.433 0.10952(12) 0.11860(60) 0.10669(88)

0.5 0.11042(14) 0.11797(65) 0.10678(90)

0.65 0.11164(21) 0.11663(79) 0.10659(99)

0.8 0.11259(32) 0.1156(10) 0.1062(12)

8 0.274 0.073973(70) 0.07981(48) 0.07284(56)

0.427 0.07486(12) 0.07744(51) 0.07192(59)

0.525 0.07460(16) 0.07592(57) 0.07096(65)

0.65 0.07402(22) 0.07434(65) 0.06988(72)

0.8 0.07347(34) 0.07312(74) 0.06906(81)

9 0.2585 0.07135(17) 0.07711(92) 0.0690(12)

0.427 0.07202(33) 0.07502(93) 0.0682(12)

0.525 0.07150(45) 0.07363(98) 0.0672(13)

0.65 0.07059(65) 0.0720(11) 0.0658(15)

0.8 0.06958(93) 0.0705(12) 0.0645(18)

1.23 0.0689(24) 0.0697(14) 0.0642(25)

10 0.194 0.05524(16) 0.05865(82) 0.05333(78)

0.5 0.05440(43) 0.05382(99) 0.0501(12)

0.65 0.05287(63) 0.05223(96) 0.0487(12)

0.8 0.05154(87) 0.05104(98) 0.0477(13)

0.88 0.0510(10) 0.0506(10) 0.0473(13)

and truncations are given in Table IV, together with the
resulting value of �

2
/dof for the fit.

The ground state, non-oscillating mass parameters re-
sulting from fitting our two point correlation functions
to the forms given in Eqs. (11) and (16) are given in lat-
tice units in Tables V and VI. We see good agreement
with the Hs and H

⇤
s
meson masses computed in [2], [51]

and [47]. Extracted values of aM⌘s
and aM⌘c

are given
in Table VII. The pseudoscalar, vector and tensor decay
constants, in lattice units, defined in Eqs. (13) to (15)
respectively, are given in Tables VIII and IX. Note that
we give the tensor decay constant renormalised at scale
µ = 0.9MHs

.
In the following subsections, we describe our extrap-

olation of our lattice data to the physical mh = mb
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point. We work with the ratios of decay constants, as
discussed in Section I, first focusing on strange spectator

case
f
T

H⇤
s

fH⇤
s

and
fH⇤

s

fHs

in Section IVA and the hyperfine split-

ting, �H⇤
s
�Hs

⌘ MH⇤
s

� MHs
, in Section IVB. We then

give the ratios of these quantities between the strange
and light spectator cases in Section IVC.

A. Decay Constant Ratios

In order to reach the physical point, we fit our results
using a form designed to capture discretisation and quark
mistuning e↵ects as well as physical heavy-quark mass
dependence and analytic chiral dependence. Following
[35], we use a form inspired by the leading mh dependence
of the decay constant in HQET [53]. We denote the ratio
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FIG. 11. Comparison of our D-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [16, 18, 20, 23–25, 27]. The vertical gray bands show the
total uncertainties from Eqs. (7.2) and (7.3). The asymmetric errors on the RBC/UKQCD 17
results have been symmetrized.
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FIG. 12. Comparison of B-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [17–19, 21, 22, 26, 28]. The vertical gray bands show the
total uncertainties from Eqs. (7.4) and (7.6).
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Observing weak decays for vector mesons - the Ds* story

Br(Ds*→ Ds 𝛾) = 93.6(4)%

T

t

0

Ds

J

D⇤
sLattice calculation of 𝛤(Ds*→ Ds 𝛾) can yield 

total width to normalise other decay rates

= e.m.vector

Calculate 3-point correlators for 𝛾 emission from c and s 
- tune momentum inserted so q2=0 for real photon

3

Set ams amc aMDs aMD⇤
s

afDs afD⇤
s
/Zcs Vc(0)/Zcc Vs(0)/Zss Zcs Zcc Zss

1 0.0489 0.622 1.18976(17) 1.2800(7) 0.15435(18) 0.1813(10) 1.21(9) 3.02(15) 1.027(3) 0.9896(11) 1.007(12)
2 0.0496 0.630 1.20209(21) 1.2942(9) 0.15641(24) 0.1793(11) 1.33(6) 3.24(12) 1.020(10) 0.9894(8) 1.003(9)
3 0.0337 0.413 0.84701(12) 0.9112(5) 0.10790(11) 0.1202(5) 1.22(7) 2.95(18) 1.009(2) 1.0049(10) 1.009(11)

TABLE II: Results for the masses of the Ds and D⇤
s mesons and the Ds and D⇤

s decay constants in lattice units for the HISQ
valence c and s masses given in columns 2 ad 3. Columns 8 and 9 give the vector form factors at q2 = 0 for the cases where
the photon couples to the c or s quarks. We also give the Z factors we need to include for the c̄s, c̄c and s̄s vector currents.

T

t

0
1

23

Ds

J

D�
s

Sunday, 24 November 2013

FIG. 2: A schematic diagram of the 3-point function forD⇤
s !

Ds� decay. J is a vector current which can couple either to
the s quark or the c quark in the D⇤

s .
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Vs(0)

Vs(0) - 2 Vc(0)

FIG. 3: The vector form factor for D⇤
s ! Ds� at q2 = 0 for

a transition via a cc current (denoted Vc(0)) and via an ss
current (denoted Vs(0)). The form factors are plotted against
a2. We also show Vs(0) � 2Vc(0) which is the e↵ective form
factor which appears in the rate for D⇤

s ! Ds�.

give it a small, tuned spatial momentum.

When making correlation functions with staggered

quarks we have a choice of operators because every meson

comes in 16 ‘tastes’that di⇤er by e⇤ects proportional to

a2 [2]. In a 3-point function the taste combinations at the

3 points must cancel. Here, for D⇥
s ! Ds⇥, we follow the

procedure developed for J/ ! ⇧c⇥ [5]. We take the Ds

to be the ‘Goldstone’ pseudoscalar (in taste-spin notation

⇥5 ⌦ ⇥5), the D⇥
s uses a 1-link operator (⇥0⇥i ⌦ ⇥0⇥i⇥j)

and then the vector current is a local vector ⇥k ⌦ ⇥k. We

can normalise this vector current fully nonperturbatively

using the techniques described in [5, 8].

The 3-point functions for D⇥
s ! Ds are calculated for

all t values from 0 to T and for 3 values of T (see Table I)

so that the dependence of the function on t and T can be

fully mapped out. Both 3-point functions are fit simul-

taneously with the 2-point functions for the Ds and D⇥
s

using the operators discussed above at source and sink.

The fit functions have a multi-exponential form as given

in [5], and we use the same Bayesian approach and priors

described for the 2-point correlators above.

The quantity that we extract from the fit is the vector

current matrix element hD⇥
s |V|Dsi between the ground-

state particles in the Ds and D⇥
s channels. This is related

to the vector form factor V (q2) by

ZhD⇥
s(p

⌅, ⌦)|Vµ
|Ds(p)i =

2⌅µ�⇥t

mDs +mD⇤
s

⌦⇥�p⇥p
⌅
tV (q2), (2)

where we have allowed for a renormalisation of the lattice

vector current. Note that for a non-zero answer all the

vectors have to point in di⇤erent directions. The D⇥
s is

at rest so its momentum only has a component in the t
direction. We have two results for the vector form factor,

that in which emission is from the s quark and that in

which emission is from the c quark. We give the results

separately for Vs(0)/Zss and Vc(0)/Zcc in Table II along

with the appropriate Z factors from [8]. The D⇥
s masses

obtained from the fit are consistent with those from the

local vector operator but with larger uncertainties.

To calculate the rate for D⇥
s ! Ds⇥ decay we need

to include factors for the quark and antiquark electric

charge, which have the same sign because the D⇥
s is

charged. However there is a relative minus sign between

the two contributions because this transition requires a

spin-flip to convert a vector into a pseudoscalar. Thus the

e⇤ective ‘total’ form factor is Ve↵(0) = [Vs(0)�2Vc(0)]/3
and the partial width for the decay is given by

�(D⇤
s⇤Ds⇤) = �QED

4|%q|3

3(MDs +MD⇤
s
)2

|Vs(0)� 2Vc(0)|
2

9
.

(3)

Here |%q| is the magnitude of the momentum of the Ds in

the D⇥
s rest frame and takes value 138.9(6) MeV using

the experimental masses for Ds and D⇥
s [1].

HPQCD (HISQ),1312.5264
Combined c/s form factor very small, so total width small 
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s) = 0.070(28) keV
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⌧(D⇤
s) = 9.4(3.8)⇥ 10�18s
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D semileptonic decays 

from using the binned differential rate. The fit to yield the
average has a χ2=d:o:f: of 0.7 for 4 degrees of freedom. The
first uncertainty here is from our lattice QCD form factors,
including an uncertainty for the fact that these are calcu-
lated for the mu ¼ md case. The second uncertainty comes
from the experimental results. The third uncertainty is from
ηEW and the fourth from long-distance QED corrections,
amounting to 0.5% in Vcs for the case of a charged meson
in the final state, and 0.25% for a neutral meson in the final
state, as discussed above. There is some sign in Figs. 18
and 19 that the central values of Vcs for the results with a
charged K− meson in the final state are slightly higher than
those with a neutral K̄0 meson; this is consistent with what

might be expected from QED effects if δEM > 0 but the
uncertainties are too large for this to be clear. The fit to the
average uses this information to arrive at the combined
uncertainty from the EM effects above.

B. Using the total branching fraction

We can also determine Vcs from a comparison of theory
and experiment for the total branching fraction for the
semileptonic decay process. To obtain the total width, Γ,
from the theory side we need to integrate Eq. (8) over
the full physical q2 range. The limits of integration use
the experimental masses for the appropriate leptons and
charged or neutral meson masses. Table IV gives our values
for Γ=ðjηEWVcsj2ð1þ δEMÞÞ for each of the four modes we
consider, i.e., charged and neutral D meson decay to e and
μ in the final state.
We convert the total width to a branching fraction using

the experimental average values for the appropriate D

FIG. 18. Plot of jVcsj per bin for CLEO, BABAR, and BES
results from [50–52]. Each data point is centered on the q2 bin it
corresponds to and the error bars plotted include the uncertainties
from ηEW and δEM. The purple line and band give the result from
our total weighted average for jVcsj2, with all correlations
included. The width of the band includes the uncertainties from
ηEW and δEM as given in Eq. (43).

FIG. 19. Comparison plot of the determination of jVcsj using
the differential decay rate for CLEO, BABAR, and BES results
from [50–52,61] for D0 and Dþ decays. The purple band gives
the total weighted average for Vcs, not including the BES ’17
result. The width of the band includes the uncertainties from ηEW
and δEM as given in Eq. (43).

FIG. 17. Plot of the determination of jηEWVcsj2ð1þ δEMÞ per
q2 bin for BESDþ results [61]. The total uncertainty for each bin
is given in black and this is broken down into experimental (blue)
and theoretical (red) contributions, the latter coming from our
form factors. Each data point is centered on the q2 bin it
corresponds to. Note that the uncertainties are correlated between
q2 bins. The purple band gives the weighted average for these
data points, with all correlations included.

TABLE IV. Total width for D → K semileptonic decay up to a
factor of jηEWVcsj2ð1þ δEMÞ [see Eq. (8)], determined from our
form factors. We give results for all four modes that we consider.
They differ slightly in the parent and daughter meson masses and
in the mass of the lepton in the final state; these affect the
kinematic factors in the differential rate and the end points of
integration for the total width. These values can be combined with
experimental values of the relevant branching fraction and D
meson lifetime to determine jVcsj.

Γ=ðjηEWVcsj2ð1þ δEMÞÞ (ns−1)

Dþ → K̄0μþνμ 88.30(99)
Dþ → K̄0eþνe 90.3(1.0)
D0 → K−μþνμ 87.57(98)
D0 → K−eþνe 89.5(1.0)

BIPASHA CHAKRABORTY et al. PHYS. REV. D 104, 034505 (2021)

034505-18

Figure 33. Constraints on |Vcd| and |Vcs| from our results, D�meson leptonic decays, and unitarity.
The blue ellipse shows the preferred values of the present work from semileptonic decays in Eq. (7.4)
and Eq. (7.6). The green ellipse is the result of combining the latest results for the products
⌘EW|Vcd|fD+ and ⌘EW|Vcs|fDs

with leptonic decay constants from lattice-QCD calculations; the
inputs values are summarized in Table XX. The dotted line comes from assuming unitarity of the
second row, taking |Vcb|incl+excl = (40.8 ± 1.4) ⇥ 10�3 [25]. In all cases, the ellipses shows the
correlated 1� (68%) confidence intervals. The inner blue ellipse shows our result without the QED
uncertainty.

Table XX. Leptonic inputs used for comparison in Fig. 33. HFLAV reports the product
⌘EW|Vcx|fD(s)

[44]. Following the prescription of the PDG [25], we include an EW+QED error
of 0.7% for the product |Vcx|fD(s)

.

Value Source

⌘EW|Vcd|fD+ = 46.2(1.0)(0.3)EW+QED MeV HFLAV [44]

⌘EW|Vcs|fDs
= 245.4(2.4)(1.7)EW+QED MeV HFLAV [44]

fD+ = 212.7(0.6) MeV FNAL-MILC 2018 [32]

fDs
= 249.9(0.4) MeV FNAL-MILC 2018 [32]

fDs
/fD+ = 1.1749(16) FNAL-MILC 2018 [32]

37]

|Vcd|/|Vcs| = 0.23135(51) from |Vus/Vud|K`2/⇡`2 . (7.12)

As shown in Fig. 32, our preferred value in Eq. (7.7) lies roughly 1� above the result coming
from |Vus/Vud|K`2/⇡`2 and roughly 2� above that from |Vus|K`3/|Vud|0

+
!0+ . Our preferred

value for |Vcd| in Eq. (7.4) shows excellent agreement with |Vcd| from |Vus|K`3. Our preferred
value for |Vcs| in Eq. (7.6) lies somewhat below |Vcs| from |Vud|0

+
!0+ but is consistent at 1-2

standard deviations.

56

Table XIV. Final results for f+(0) = f0(0), f+(q2max), and f0(q2max) for the decays D ! ⇡, D ! K,
and Ds ! K, together with comparisons with existing Nf = 2 + 1 + 1 results in the literature
from HPQCD [62, 63] and ETMC [57]. The results of the present work, denoted “FNAL-MILC”,
are all given at the physical point and in the continuum limit in isospin-symmetric QCD. Included
in these results are all systematic errors discussed in Sec. VI and summarized in Table XV. Not
included are additional systematic uncertainties associated with QED, isospin, and electroweak
corrections (these e↵ects are estimated in Sec. VII B). The di↵erent groups use slightly di↵erent
conventions to define the isospin-symmetric point. Shifts from these di↵erences are expected to be
small. Figure 24 suggests that the largest di↵erences, perhaps amounting to a few percent, will be
present near q2max.

process collaboration f0(0) f0(q2max) f+(q2max)

D ! ⇡ FNAL/MILC 0.6300(51) 1.2783(61) 3.119(57)

D ! ⇡ ETMC 17 0.612(35) 1.134(49) 2.130(96)

D ! K FNAL/MILC 0.7452(31) 1.0240(21) 1.451(17)

D ! K HPQCD 22 0.7441(40) 1.0136(36) 1.462(16)

D ! K HPQCD 21 0.7380(40) 1.0158(41) 1.465(20)

D ! K ETMC 17 0.765(31) 0.979(19) 1.336(54)

Ds ! K FNAL/MILC 0.6307(20) 0.9843(18) 1.576(13)

Figure 18. Comparison of the vector and scalar form factors between the decays D ! ⇡ and
Ds ! K, which di↵er only by the mass of the valence spectator quark. The form factors agree
at the level of . 2% throughout the full kinematic range of the Ds ! K decay. The long dashed
lines extending to q2 ⇡ 3 GeV2 correspond to D ! ⇡, while the shorter solid lines correspond to
Ds ! K.
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Figure 7: Constraints on an ALP decaying to muons from the search of [8]

Figure 8: Constraints on an ALP decaying to photons from the search of [9]
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Individual experimental results have much larger uncer-
tainties and a large spread of central values. Figure 8 shows
values derived from results listed in [6]. The blue circles use
values quoted in the section headed “ΓðiÞΓðγγÞ=ΓðtotalÞ,”
where the ηc is produced via two-photon fusion in eþe−

collisions and detected through its decay to channel i listed
on the right of Fig. 8. These values are determined without
reference to the PDG fit. They use either the PDG average
value (where one is given) or the single experimental value
(if there is no average) for the product above. We then
divide by the branching fraction for channel i again using
either the PDG average or the single experimental value
quoted, if there is no average. Uncertainties are combined
in quadrature. We see a large spread of experimental values
in Fig. 8, several of which are in significant (4σ) tension
with the PDG fit result. This is not surprising given the χ2

value for the fit. Some of the low values for Γðηc → γγÞ
seen are in disagreement with our result; the values from the
ϕϕ and KþK−πþπ− channels differ by an amount exceed-
ing 6σ. On the other hand, the experimental result using the
KK̄π channel is in good agreement with our value, within
2σ. The KK̄π channel has been studied by several experi-
ments because it has a relatively large branching fraction.
The value plotted comes from an average of 8 different
experimental results for the product of rates (the average is
dominated by results from CLEO [40] and BABAR [41])
and 10 for the branching fraction (where the average is
dominated by results from BESIII [42]). This gives a final
result for Γðηc → γγÞ of 5.90(58) keV. The 10% uncertainty
is the smallest relative uncertainty for any channel.
We conclude that the experimental picture of ηc decay is

not yet a very coherent one. Further experimental results,
with small uncertainties, will be needed to resolve the issue
of whether or not there is tension between experiment and
lattice QCD/the Standard Model for ηc → γγ decay.
The filled blue square in Fig. 8 comes from a determi-

nation of the product of branching fractions for J=ψ → γηc
and ηc → γγ by BESIII [39] combined with the PDG
average for the branching fraction BðJ=ψ → γηcÞ [6].
The value agrees with our result, but has a large uncertainty.
The PDG gives an average value for the branching ratio of
ηc → γγ by combining this result with an earlier one for the
same product of branching fractions from CLEO [43].3 This
gives an average branching fraction of 2.2þ0.9

−0.6 × 10−4 [44].
This also agrees with our value within its large uncertainties.
We will discuss these results further in Sec. IV.
We can also explore what our results imply about the

nonrelativistic nature of the c quarks inside the ηc. As
discussed in Sec. I there is a very simple relationship
between Γðηc → γγÞ and ΓðJ=ψ → eþe−Þ in LO
NRQCD [Eq. (1)]. In Fig. 9 we compare this LO result,
shown as a green dashed line, to our lattice QCD value (red
asterisk). The central value for the LO result (7.5 keV) uses

ΓðJ=ψ → eþe−Þ ¼ 5.637ð49Þ keV from lattice QCDþ
QED [1] [this lattice QCDþ QED result agrees well with
the experimental average of 5.53(10) keV [6] but has a
smaller uncertainty]. The LO NRQCD central value is then
10% above our lattice QCD result. Figure 9 shows a %30%
error band in green around the LO NRQCD central value to
allow for subleading corrections. The lattice QCD result,
incorporating the full relativistic dynamics of the c quarks,
falls well within this 30% band showing that the LO
nonrelativistic approximation works well here.
The green points with error bars show results from two

different calculations in continuum NRQCD, going
beyond LO. In CM01 [16] higher-order QCD and rela-
tivistic corrections to Eq. (1) were added. The authors find
substantial Oð30%Þ corrections from the two sources but
also see a large amount of cancellation between them.
They conclude with an estimate of a 10% upward shift of
Γðηc → γγÞ compared to the LO expression, with a 5%
uncertainty. They warn, however, that missing higher-
order corrections might be substantial. The comparison
with our result in Fig. 9 shows this to be the case because
their 10% shift has taken them in the wrong direction from
the LO result and their 5% uncertainty is insufficient to
cover the gap. References [48,49] extend the analysis of

FIG. 9. A comparison of our lattice QCD result (HPQCD23, red
asterisk) for the decay width Γðηc → γγÞ to values obtained from
theory calculations using NRQCD. The green dashed line is the
leading order NRQCD result from Eq. (1), i.e. 4ΓðJ=ψ →
eþe−Þ=3 where we have taken the J=ψ leptonic width from
lattice QCD [1] (which agrees well with experiment). The
uncertainty in the LO NRQCD value from higher order correc-
tions is %30% and denoted by the green band. The green points
give results from higher-order calculations. CM01 is from [16],
determining QCD and velocity-expansion corrections to the ratio
of ΓðJ=ψ → eþe−Þ=Γðηc → γγÞ. FJS17 [45] calculates NNLO
QCD corrections to the ηc → γγ branching fraction through v2

order in the NRQCD velocity expansion. BC01 [46] and BCK18
[47] calculate the inverse branching fraction resumming QCD
corrections in the large nf limit. They give results from two
resummation methods, naïve non-Abelianization (NNA) and
background-field gauge (BFG). We use the PDG average [6]
for the ηc total width to convert their branching fractions into a
width for ηc → γγ. The blue band repeats the PDG fit result shown
in Fig. 8.

3Note that the CLEO result is incorrectly quoted in [6].
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Conclusions
Heavy quark physics is a key success story of lattice QCD.  
Dominated by results from HPQCD and Fermilab/MILC using multiple approaches.  
HISQ is now the way to go for simple meson weak/em decays 

Decay constants for meson annihilation errors < 1% — issues now experimental. 
More work on vector mesons? 
Neutral meson mixing - needs improvement (underway?)

Semileptonic D decays in good shape? For B - see Judd Harrison talk

There are lots of other processes that lattice QCD can provide answers on: 
radiative decays, two-photon decays, axion searches etc. 

Baryons ?????

c, b quark masses now 0.5% accurate, ratio 0.3% - LHC need to use the lattice numbers

Lots still to do …


