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Thanks to Sal Rappoccio and Chris Lee for slides!
David Miller for up-to-the-minute results!



Jesse Thaler — Jet Substructure & N-subjettiness 2

Extreme Kinematics at the LHC

Heavy resonance to boosted tops...
...looks just like QCD dijets.

Must reduce QCD by 10–3 in boosted regime!
(rejection factor of few x 10–2 per jet)
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210  = 7 TeVs at -1CMS Preliminary, 886 pb
Combined type 1+1 & 1+2

Observed (95% CL)
Expected (95% CL)

 Expected# 1±

 Expected# 2±

KK Gluon, Agashe et al
Topcolor Z', 3.0% width, Harris et al
Topcolor Z', 1.2% width, Harris et al
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Experimentally... it works!

CMS-PAS-EXO-11-006

Jet Merging in Boosted Regime
→ “Fat” Jet Identification

Type 1:  Top tag
Type 2:  W tag + b tag 

Competitive with “resolved” searches
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CMS-PAS-EXO-11-006
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Jet Substructure & N-subjettiness
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[JDT, Van Tilburg:  1011.2268 & 1108.2701]

(Boost 2010 Showdown)

[Fiege, Schwartz, Stewart, JDT:  12xx.xxxx]

Overview of Jet Substructure
5.3 Mistagging Rate 9
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Figure 3: Mass of the hadronic top candidate in a semileptonic top sample.

Figure 4 shows the mass drop (µ) variable immediately before the W mass selection. The selec-

tion efficiencies for the data and Monte Carlo are

�DATA

µ = 0.56 ± 0.03 (9)

�MC

µ = 0.61 ± 0.03 (10)

Using Figure 2 to investigate the data and Monte Carlo efficiencies of the W mass-window cut,

we obtain

�DATA

mW
= 0.50 ± 0.04 (11)

�MC

mW
= 0.50 ± 0.04 (12)

Combining the efficiencies of the µ and mass cuts, the subjet energy scale scale factor is deter-

mined to be 0.93± 0.13. This is applied as an additional systematic uncertainty on the selection

efficiency.

5.3 Mistagging Rate

The mistagging rate is derived from data. However, a priori, the rates may depend on the

sample composition of the two different analyses considered (1+1 and 1+2). Thus, we derive

the mistag rate in both samples independently, and apply the rates to the appropriate analysis

(1+1 rate to 1+1 analysis, and likewise for 1+2).

We estimate the mistag rate (Pm) which is the probability that a QCD jet will be mistaken for a

top jet candidate by the top tagging algorithm. Highly energetic QCD jets have a larger proba-

bility to radiate, and as the jet mass increases, they are more likely to have top-like substructure

n̂1

n̂2

Expanding about the infinite boost limit

Ongoing Theoretical StudiesIntroducing N-subjettiness
Top tagging with τ3/τ2, W/Z/H tagging with τ2/τ1
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(I am assuming you know how to reconstruct jets, R = eta-phi distance, etc.)

Overview of Jet Substructure
5.3 Mistagging Rate 9
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Figure 3: Mass of the hadronic top candidate in a semileptonic top sample.

Figure 4 shows the mass drop (µ) variable immediately before the W mass selection. The selec-

tion efficiencies for the data and Monte Carlo are

�DATA

µ = 0.56 ± 0.03 (9)

�MC

µ = 0.61 ± 0.03 (10)

Using Figure 2 to investigate the data and Monte Carlo efficiencies of the W mass-window cut,

we obtain

�DATA

mW
= 0.50 ± 0.04 (11)

�MC

mW
= 0.50 ± 0.04 (12)

Combining the efficiencies of the µ and mass cuts, the subjet energy scale scale factor is deter-

mined to be 0.93± 0.13. This is applied as an additional systematic uncertainty on the selection

efficiency.

5.3 Mistagging Rate

The mistagging rate is derived from data. However, a priori, the rates may depend on the

sample composition of the two different analyses considered (1+1 and 1+2). Thus, we derive

the mistag rate in both samples independently, and apply the rates to the appropriate analysis

(1+1 rate to 1+1 analysis, and likewise for 1+2).

We estimate the mistag rate (Pm) which is the probability that a QCD jet will be mistaken for a

top jet candidate by the top tagging algorithm. Highly energetic QCD jets have a larger proba-

bility to radiate, and as the jet mass increases, they are more likely to have top-like substructure

Boosted objects at the LHC

Thanks to Sal Rappoccio and Chris Lee for slides!
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Jet Substructure by Eye
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Two jets with mjet = mtop.  Coloring by exclusive kT.

Basic 
Tagging 

Strategies:

Algorithmic:

Jet Shape Cut:

{pi}→ pjet, yes/no

f({pi}) < fcut

Currently used by CMS:  JHTT, Pruning

Theoretically appealing, typically less effective





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Algorithmic:  Johns Hopkins Tagger

26 July 2011

• Based on Kaplan et al. (arXiv:0806.0848)
• Cluster particle flow candidates using Cambridge Aachen
• Reverse the clustering sequence in order to find substructure
• Subjets must satisfy two requirements

– Momentum fraction criterion: pTsubjet > 0.05×pThard jet 
– Adjacency criterion: ΔR(A, B) > 0.4 - 0.0004×pT 

• Iterative process - throw out objects that fail momentum fraction cut and try to decluster 
again

• Then use :
– Jet Mass ~ Top mass
– Minimum mass pairing of subjets ~ W mass

Removes soft clusters

Removes wide angle clusters

A

B

Primary Decomposition:
Break jet into two parent 
clusters

Secondary Decomposition 
Repeat on parent clusters

A`
À`

B`

B̀`
Hard 
Jet

Require >= 3 
subjets

Top Tagging Details

Monday, July 25, 2011

Sal Rappoccio — Panic 2011

Inspired by BDRS Boosted Higgs Method

5.3 Mistagging Rate 9
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Figure 3: Mass of the hadronic top candidate in a semileptonic top sample.

Figure 4 shows the mass drop (µ) variable immediately before the W mass selection. The selec-

tion efficiencies for the data and Monte Carlo are

�DATA

µ = 0.56 ± 0.03 (9)

�MC

µ = 0.61 ± 0.03 (10)

Using Figure 2 to investigate the data and Monte Carlo efficiencies of the W mass-window cut,

we obtain

�DATA

mW
= 0.50 ± 0.04 (11)

�MC

mW
= 0.50 ± 0.04 (12)

Combining the efficiencies of the µ and mass cuts, the subjet energy scale scale factor is deter-

mined to be 0.93± 0.13. This is applied as an additional systematic uncertainty on the selection

efficiency.

5.3 Mistagging Rate

The mistagging rate is derived from data. However, a priori, the rates may depend on the

sample composition of the two different analyses considered (1+1 and 1+2). Thus, we derive

the mistag rate in both samples independently, and apply the rates to the appropriate analysis

(1+1 rate to 1+1 analysis, and likewise for 1+2).

We estimate the mistag rate (Pm) which is the probability that a QCD jet will be mistaken for a

top jet candidate by the top tagging algorithm. Highly energetic QCD jets have a larger proba-

bility to radiate, and as the jet mass increases, they are more likely to have top-like substructure

[Kaplan, 
Rehermann, 
Schwartz, 
Tweedie]
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Algorithmic:  Jet Grooming
See also Jet Filtering & Jet Trimming

• Ellis et al. (arXiv:0903.5081) 
• Improves mass resolution by 

removing soft, large angle particles 
from the jet

• Recluster each jet, requiring that 
each recombination satisfy the 
following:

• For W tagging, require:
– Jet mass in 60-100 GeV/c2
– Mass drop (mu) < 0.4

26 July 2011

Jet Pruning Details

min(pT1, pT2)
pTp

> 0.1

∆R12 < 0.5× mjet

pT

27

µ =
mj1

mj

)2 Jet Mass (GeV/c
0 20 40 60 80 100 120 140

 P
ro

ba
bi

lit
y

0

0.05

0.1

0.15

0.2

0.25
t t!Z' 

QCD Pythia 6 D6T

 = 7TeVsat  
CMS Simulation
Jet Pruning Algorithm

jetm
1m0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Pr
ob

ab
ili

ty

0

0.02

0.04

0.06

0.08

0.1
t t!Z' 

QCD Pythia 6 D6T

 = 7TeVsat  
CMS Simulation
Jet Pruning Algorithm

Simulation

Simulation

Monday, July 25, 2011

Sal Rappoccio — Panic 2011

8 5 Algorithmic Characterization
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Figure 2: Mass of the highest mass jet in a semileptonic top sample.

Thus, the subjet energy scale scale factor for W jets is determined to be 1.01 ± 0.04. The top

mass is measured to be

mDATA
t = 176 ± 6 GeV/c2

(7)

mMC
t = 171 ± 5 GeV/c2

(8)

Only the statistical uncertaintis are quoted for these measurements.

Because the kinematic threshold for top jets to fully merge is rather high, there are very little

data left after the strong pT cuts, and too little data are left to isolate a fully-merged (“type 1”)

top jet sample.

In order to proceed, we make a simplifying assumption that the ratio between the jet energy

scale in data and the jet energy scale in Monte Carlo is the same between the W tagger and the

top tagger. Our previous studies of QCD jets [43] suggest that this is a reasonable assumption

within the large uncertainties quoted already.

Conservatively, we thus apply an additional uncorrelated 5% uncertainty in addition to the un-

certainties of the standard jet correction uncertainties (described in Section 4.2). This is applied

for both the top tagging and jet pruning algorithms.

5.2 Substructure Selection Efficiency

The selection efficiency of the substructure algorithms (top tagging and W tagging) can in prin-

ciple be different between data and simulation. In order to estimate the size of this effect, we

again examine the semileptonic sample described in the previous section, and look at the se-

quential selection of the jet pruning algorithm in data and simulation in order to estimate the

difference in efficiency for the W tagging algorithm. There are no statistics available for the top

tagging in the semileptonic sample, and so we make the assumption that the “ratio of efficien-

cies” between data and Monte Carlo (i.e. the data-to-Monte-Carlo scale factor) is the same for

the W and top tagging algorithms.

[Ellis, 
Vermilion,
Walsh]
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CMS-PAS-EXO-11-006
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Other Notable Measurements

composed of a silicon pixel detector, a silicon microstrip detector and a transition radiation tracker. The
whole system is immersed in a 2 T magnetic field. The inner detector is capable of reconstructing tracks
and vertices.

The barrel and endcap calorimeters cover the regions |η| � 1.5 and 1.5 � |η| < 3.2 respectively.
Electromagnetic capabilities are provided by a liquid-argon (LAr) sampling calorimeter. The granularity
of this detector is as small as δη × δφ = 0.025 × 0.025 in the central |η| < 1.475 region. Hadronic
calorimetry in |η| < 1.7 is provided by a scintillating-tile detector; while in the endcaps a second LAr
system matches the electromagnetic calorimeter.

The ATLAS trigger system is composed of three consecutive levels. Only the Level-1 (L1) trigger
was used in this study with higher levels operating in a pass-through mode. The L1 trigger is based
on custom-built hardware which processes incoming events with a fixed latency of 2.5 µs. Events in
this analysis were selected based on their L1 calorimeter signature. The L1 calorimeter trigger uses
coarse detector information to identify interesting physics objects above a given transverse energy (ET )
threshold. The jet triggers used here take a square sliding window algorithm using square δη × δφ =
0.2 × 0.2 jet elements as input. The windows size and ET cut are configurable.

The data analysed here is the 2010
√

s = 7 TeV pp ATLAS dataset. Data are used in this study
only if the detector conditions are stable, that there is a stable beam present in the LHC, the luminosity
is reliably monitored and that the trigger is operational. The filtered data set corresponds to an integrated
luminosity of 35.0 ± 1.1 pb−1 [23].

Many bunch crossings in the 2010 LHC running resulted in multiple pp interactions. The ATLAS
inner detector can be used to identify multiple primary vertices with a high efficiency. In this study,
the detection of multiple primary vertices is used as an indicator of the presence of mutiple interactions
(“pile-up”). Results requiring no additional pp interactions have an effective luminosity of around 8 pb−1.

3 Definitions

Jets are clustered using the anti-kt and Cambridge-Aachen algorithms as implemented by the fastjet
package [24] with R-parameters of 1.0 and 1.2 respectively. The measured cross-sections are corrected
for detector effects such that they correspond to jets in the “true” final state. This is defined as jets made
from all particles with a proper lifetime of 10 ps or greater including neutrinos. All discussion of jet
algorithms in this note assumes that the constituents from which the jet is composed are recombined
using 4-vector addition.

For anti-kt jets the kt splitting scale is defined by first reclustering the constituents of the jet with the
kt algorithm [25, 26]. The kt of the final clustering step can be used to define a splitting scale variable√

d12:
�

d12 = min(pTa, pTb) × δRa,b,

δRa,b =
�

dφ2
a,b + dy2a,b,

where a and b are the two jets before the final clustering step. The ordering of clustering in the kt
algorithm means that in the presence of a two-body heavy particle decay the final clustering step will
usually be to combine the two decay products. The parameter

√
d12 can therefore be used to distinguish

heavy particle decays, which tend to be reasonably symmetric, from largely asymmetric QCD splittings.
The expected value for a heavy particle decay is approximately m/2, plain QCD jets will tend to have
values � 20 GeV although with a tail extending to high values.

2
ATLAS Measurement of Jet Substructure in Inclusive QCD Jets

Jet Mass

Signal-likeQCD-like Signal-likeQCD-like

ATL-STDM-2011-19
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Other Notable Measurements

ATLAS Test of Grooming Procedures and Pileup

BDRS Method
[Butterworth, Davison, Rubin, Salam]

A Practical Higgs Finder BDRS:
Butterworth, Davison, 
Rubin, Salam (2008)

“Mass-Drop + Filter” Algorithm:

ATL-STDM-2011-19
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Ψ(r/R) r
R

Ellis, Kunzst, Soper
= energy fraction 
inside subcone

“The” Jet Shape:

Calculable Measures: Jet Shapes

Ellis, Hornig, CL, Vermilion, Walsh 
(2009);
cf. Almeida, S. Lee, Perez, Sterman, 
Sung, Virzi (2008)
based on event shape 
by Berger, Kucs, Sterman (2003)

e−|η|(1−a)

η = 0

a=-2

a=1/2

• Additional discriminating power by measuring more shapes:

“Angularity” Jet Shapes: τa =
1

EJ

�

i∈jet

|pi
T |e−|ηi|(1−a)

jet core

wide angle

Q = 500 GeV
EJ = 150 GeV

Ellis, Hornig, CL, Vermilion, Walsh (2010)

Resummed Predictions of Jet Shape Distributions

Predictions for e+e- to 3 jets in 
“Mercedes-Benz” configuration

Gain ability to 
discriminate 

between quark 
and gluon jets!

(jet mass) (jet mass)

see also Gallicchio and Schwartz (2011)

13

Jet Shapes:  Angularities
Close Relatives of N-subjettiness

Christopher Lee — Panic 2011

Q = 500 GeV
EJ = 150 GeV

Ellis, Hornig, CL, Vermilion, Walsh (2010)

Resummed Predictions of Jet Shape Distributions

Predictions for e+e- to 3 jets in 
“Mercedes-Benz” configuration

Gain ability to 
discriminate 

between quark 
and gluon jets!

(jet mass) (jet mass)

see also Gallicchio and Schwartz (2011)

Quark/Gluon 
Separation
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Calculable Measures: Jet Shapes

Almeida, S. Lee, Perez, 
Sterman, Sung, Virzi (2008)

14

Jet Shapes:  Planar Flow
Top Tagging with Jet Shapes

Thaler, Wang (2008)

Christopher Lee — Panic 2011

Figure 8: Left: QCD dijet predictions for det S⊥ with a pT cut of 1200 GeV, showing large
variations between different shower evolution variables. Right: detS⊥ after imposing the top
window cut 160 GeV < Qjet < 200 GeV, comparing to a 3 TeV top resonance. While detS⊥

shows promise in separating boosted tops from QCD fat jets, it is difficult to make a firm
conclusion given the large theoretical variance.

3.2 Boost-Invariant Event Shape

While boosted tops might be described theoretically by an M → ABC splitting, one still has
to find an experimental proxy for the A, B, and C subclusters. Instead of using a clustering
algorithm, an alternative strategy is to construct an event shape variable that uses all of the
hadrons in a jet to form an observable that measures the gross energy distribution.

The goal is to build an event shape that probes the fact the top decay products are widely
separated in the top rest frame, so one wants a boost-invariant event shape. Ideally, the event
shape would be invariant under both the boost axis and the boost magnitude. Unfortunately,
building a meaningful event shape that is invariant under choice of boost axis is difficult, because
in the M rest frame, the splitting M → ABC defines a plane. If the boost axis is perpendicular
to this plane then A, B, and C look well-separated, but if the boost axis is parallel to the plane,
then A, B, and C overlap.

We can still form an event shape that is invariant under the boost magnitude, by considering
a variant to the ordinary sphericity tensor [31].8 Taking the z-axis to be the boost direction,
consider a jet with total four vector {Ejet,!0⊥, pz

jet} and constituents pµ
α = {Eα, !p⊥α , pz

α}. The

(linear) jet transverse sphericity tensor S⊥ij is an object that is invariant under boosts along
the z-axis:

S⊥ij =

∑

α∈jet

!p⊥i
α !p⊥j

α

|!p⊥α |
∑

α∈jet

|!p⊥α |
. (10)

There is only one non-trivial eigenvalue of S⊥ since the two eigenvalues sum to 1, so we will take
the determinant of S⊥ to be our boost-invariant event shape. Note that det S⊥ is identically 0

8Strictly speaking, even this event shape is not invariant under boosts given finite calorimetry. Even though
!p⊥ is invariant under boosts, the calorimetry is defined by φ and η, which is invariant only under boosts along
the beam axis and not to boosts along the top momentum axis.

13

Ok Top/QCD
Separation
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Additional Observables

Dipolarity

Substructure without Trees

Pull

See Seung Lee’s talk on Template Overlap Method

Other Algorithmic Methods:  HEPTopTagger, YSplitter, Filtripruning

18

For only two constituents P again vanishes, as it does for any kind of linear geometry. For a generic three

body decay it can assume any value between zero and one. For example requiring P > 0.5 enhances the

number of top jets over the QCD background. In practice, the template tagger uses a correlated cut in

the template overlap vs planar flow plane. Given that the overlap measure includes the full kinematic event

information it might be possible to further improve it in the direction of the so-called matrix element method

of log-likelihood ratios.

Yet another class of jet shapes which we can use to describe two-body as well as three-body configurations

are angularities [49, 50]. In the template method they are only included for Higgs tagging, but they can also

be used to improve top tagging. For different weights a the angularity is defined as

τa =
1

mjet

�

α∈jet

Eα sin
a πθi
2R

�
1− cos

πθi
2R

�1−a

, (18)

in terms of the angle θi with respect to the main axis. The correction factor π/(2R) includes the jet size R
and ensures that for the maximum value θi = R the argument of the trigonometric functions does not exceed

the hemisphere limit π/2 from earlier e+e− applications. Infrared safety limits the range of angularities

to −∞ < a < 2. For a = 0 we find that 1 − τ0 turns into thrust [23], while for a = 1 is becomes jet

broadening [51]. Because for each value a the angularity is a simple number we can correlate it with other

observables, like for example the azimuthal angle between the W decay subjets and search for structures in

such distributions.

A second alternative approach to top tagging, explicitly not based on the clustering history, is the tree-less

substructure analysis [52]. Unlike for example the N -subjettiness it includes angular correlations. From the

JADE distance measure Eq.(3) we know that angular separation can be closely linked to invariant masses of

subjet combinations.

The geometric correlations between all possible pairs of subjets can be analyzed in terms of the angular

structure function and its numerical derivative

G(R) =

�
j1 �=j2

d(JADE)
j1j2

Θ(R−∆Rj1j2)

�
j1 �=j2

d(JADE)
j1j2

∆G(R)= R

�
j1 �=j2

d(JADE)
j1j2

K(R−∆Rj1j2)

�
j1 �=j2

d(JADE)
j1j2

Θ(R−∆Rj1j2)

. (19)

The function K is nothing but a finite delta distribution, e.g. K(x) = e−x2/R2
0/
�

πR2
0 with R0 = 0.6. It

fixes a typical R distance between two subjets. For values R = R∗ corresponding to observed subjet pairs

inside the fat jet the function G(R) makes a step and ∆G(R) develops a peak. Top decays with three hard

decay subjets will show three such peak values Rk∗ with k = 1, 2, 3, each corresponding to one side of the

triangle defined by three subjets. The number of observed peaks we call np. For each of the peaks we define

a mass value

m2
∗ =

1

R∗

�

j1 �=j2

d(JADE)
j1j2

�
πR2

0 K(R∗ −∆Rj1j2) (20)

where the JADE distance is defined in Eq.(3). For massive particle decays this mass variable m∗ scales with

the invariant mass of the parent subjet.

In Fig. 10 we show the peak positions and their associated mass values for three-subjet signal and back-

ground configurations. For QCD backgrounds the R∗ distributions are broad and essentially scale invariant.

The m∗ distributions points towards small values, even though their typical values increase typically by a

factor two for increasing points. In contrast, for top jets the R∗ distributions are peaked. Their mass scales

correspond to the given decay kinematics, as for example discussed in Sec. II E.

The associated tree-less top tagging algorithm starts with a fat C/A jet of size R = 1.5. From the peaks

in the ∆G spectrum we then extract one, two or three hard subjets. There exist different sets of cuts,

depending on the transverse momentum of the fat jet and the number of peaks. We quote the cuts applied

to events with three subjet structures and pT = 300...400 GeV. The original uncorrected fat jet mass and

two peak-associated mass values m∗ have to fulfill

mfat jet > 102 GeV m2∗ > 26 GeV m2∗ > 79 GeV , (21)
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Figure 10: Peak positions and associated masses for np = 3 and fat jets with pT = 500...600 GeV. Shown are
normalized distributions for the top signal (blue) and QCD backgrounds (red). Figure from Ref. [52].

In addition, the angular correlations have to satisfy

R1∗ < 0.81 R2∗ < 1.03 R3∗ < 2.11 . (22)

While the two taggers discussed above might not give the best efficiency for the usual signatures, they

have the advantage of being much more general than some of the established taggers. If jet shapes should

indeed turn out powerful QCD analysis tools at the LHC, these approaches will allow us to efficiently utilize

jet shapes in searches for new physics.

QCD observables which are not linked to traditional event shapes might also help distinguishing massive

electroweak splittings from QCD backgrounds. The radiation of QCD jets possesses characteristic features

which we can use to discriminate a color octet gluon from a decaying color singlet resonance. Angular ordering

of soft gluon radiation implies that most gluons are emitted in between color connected partners [17, 53]. In

the decay of a color singlet, e.g. H → bb̄, the two decay products are always color connected. In leading

color approximation this is not true for a gluon which splits to bb̄. Its gluon radiation is therefore more likely

to be outside the bb̄ cone.

Two observables might exploit this feature in the top tagging framework. The pull vector [54] can be

defined for each individual jet in an event

�t =
�

α∈jet

pT,α

pT,jet
|�rα| �rα . (23)

Here, �rα is the constituent position relative to the jet and pT,α is the transverse momentum of this constituent.

The angle between the pull vectors of different jets can be used to decide if two b-tagged jets come from a

color singlet resonance or a color octet gluon. Pull has been tested on W bosons from top decays by D0 [55].

According to this measurement the fraction of uncolored W bosons is 0.56±0.42 (stat+syst), indicating that

pull is a challenging observable already in the relatively clean Tevatron environment.

As a second observable dipolarity [56] can help selecting the correct W decay products in a boosted top

decay. Compared to the pull angle, its definition is modified such that all radiation off the dipole is captured

in one (sub-)jet. For a jet splitting into two subjets j1 and j2 dipolarity is defined on all calorimeter objects

α as

D =
1

R
2
j1j2

�

α∈jet

pT,α

pT,jet
R

2
α , (24)

where Rα is the distance between the ith constituent and the line segment that runs from j1 to j2. Using the

HEPTopTagger framework is was shown that dipolarity might be able to reduce the mistag rate significantly.
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Figure 10: Peak positions and associated masses for np = 3 and fat jets with pT = 500...600 GeV. Shown are
normalized distributions for the top signal (blue) and QCD backgrounds (red). Figure from Ref. [52].

In addition, the angular correlations have to satisfy

R1∗ < 0.81 R2∗ < 1.03 R3∗ < 2.11 . (22)

While the two taggers discussed above might not give the best efficiency for the usual signatures, they

have the advantage of being much more general than some of the established taggers. If jet shapes should

indeed turn out powerful QCD analysis tools at the LHC, these approaches will allow us to efficiently utilize

jet shapes in searches for new physics.

QCD observables which are not linked to traditional event shapes might also help distinguishing massive

electroweak splittings from QCD backgrounds. The radiation of QCD jets possesses characteristic features

which we can use to discriminate a color octet gluon from a decaying color singlet resonance. Angular ordering

of soft gluon radiation implies that most gluons are emitted in between color connected partners [17, 53]. In

the decay of a color singlet, e.g. H → bb̄, the two decay products are always color connected. In leading

color approximation this is not true for a gluon which splits to bb̄. Its gluon radiation is therefore more likely

to be outside the bb̄ cone.

Two observables might exploit this feature in the top tagging framework. The pull vector [54] can be

defined for each individual jet in an event

�t =
�

α∈jet

pT,α

pT,jet
|�rα| �rα . (23)

Here, �rα is the constituent position relative to the jet and pT,α is the transverse momentum of this constituent.

The angle between the pull vectors of different jets can be used to decide if two b-tagged jets come from a

color singlet resonance or a color octet gluon. Pull has been tested on W bosons from top decays by D0 [55].

According to this measurement the fraction of uncolored W bosons is 0.56±0.42 (stat+syst), indicating that

pull is a challenging observable already in the relatively clean Tevatron environment.

As a second observable dipolarity [56] can help selecting the correct W decay products in a boosted top

decay. Compared to the pull angle, its definition is modified such that all radiation off the dipole is captured

in one (sub-)jet. For a jet splitting into two subjets j1 and j2 dipolarity is defined on all calorimeter objects

α as

D =
1

R
2
j1j2

�

α∈jet

pT,α

pT,jet
R

2
α , (24)

where Rα is the distance between the ith constituent and the line segment that runs from j1 to j2. Using the

HEPTopTagger framework is was shown that dipolarity might be able to reduce the mistag rate significantly.

[Jankowiak, Larkoski]

[Gallicchio, Schwartz][Hook, Jankowiak, Wacker]
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Top Tagging c. 2011

fixed 160 GeV < mjet < 240 GeV cut
one-dimensional cut on τ3/τ2

500 GeV < pT < 600 GeV
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Algorithmic Jet Shape!
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[JDT, Van Tilburg:  1011.2268 & 1108.2701]

Introducing N-subjettiness
Top tagging with τ3/τ2, W/Z/H tagging with τ2/τ1

τN =
1
d0

�

k

pT,k min
A

{∆RA,k}
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Introducing N-subjettiness

Jet shape “counts” number of subjets!

0τN: 1

≤ N > N# subjets:
0 0.5 1 1.5

4.5

5

5.5

6

Boosted Top Jet, R = 0.8

τN =
1
d0

�

k

pT,k min {∆Rk,1, ∆Rk,2, . . . , ∆Rk,N}

Generalization of thrust 
to multiple (sub)jets!

(strictly speaking, generalization of jet broadening)

Adapted from “N-jettiness”, used to define exclusive jet bins
[Stewart, Tackmann, Waalewijn: 1004.2489]
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Introducing N-subjettiness

Choice of subjet axes? Choice of angular weighting?

β

β = 1 :  ≈ Jet Broadening
β = 2 :  ≈ Thrust
β = 2-a :  ≈ Angularities

β = 1 is preferred for boosted object hunting
(Open theoretical question: why?)

Axes that minimize τN!

τN = min
{paxes}

τ̃N

Analogous to thrust
Fast implementation by generalized

k-means clustering

τN =
1
d0

�

k

pT,k min {∆Rk,1, ∆Rk,2, . . . , ∆Rk,N}

No algorithmic dependence (apart from initial jet finding)
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Tagging with τN/τN–1
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Some raw distinguishing power...
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Hot Off the Press from ATLAS
Calibration on Background.  Thanks to David Miller!

QCD-likeSignal-like QCD-likeSignal-like
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fixed jet mass cut:
160 GeV to 240 GeV

one-dimensional cut
on τ3/τ2 (from minimum)

dashed = Fisher Discriminant

500 GeV < pT < 600 GeV

Top Tagging c. 2011

N-subjettiness:  

Intuitive measure of “number of subjets”
Based on true jet shape (can use as hybrid, too)
Plays well with multivariate methods
Excellent tagging performance out of the box
Ratio τN/τN-1 has reduced JES sensitivity
Plays well with grooming (e.g. pruning)
Calculable (& resummable!) in perturbation theory
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Jet Substructure at the Tevatron and LHC 35

(a) all pT , optimised (b) pT 500–600 GeV, optimised

(c) all pT (d) pT 500–600 GeV

Figure 15. Mis-tag vs. efficiency for several top tagging methods, as tested
on herwig++ tt̄ and dijet samples. For Figures (a) and (b), the input
parameters are optimised for each efficiency point. The input parameters for
the unoptimised scans are taken from the 35% efficiency point in Figure (b).

and Thaler and Wang taggers still being outperformed. Considering the right-hand

plots in Figure 17, we can see that in some cases taggers appear to do better after

detector simulation, especially at low signal efficiency. This effect is at least partly due

to statistical noise in the efficiency scans, but warrants further study.

The results we have presented in this report, while certainly not providing the last

word in boosted object tagging, suggest some conclusions. By any metric, methods

that use only subjet kinematic information, like the ATLAS and Thaler and Wang

taggers, are outperformed by groomed, hybrid, and jet shape taggers. Differences

between the rest of the taggers are largely of similar magnitude to differences between

Monte Carlo samples and before and after detector simulation: more careful study

Jet Substructure at the Tevatron and LHC 34

(a) all pT , optimised (b) pT 500–600 GeV, optimised

(c) all pT (d) pT 500–600 GeV

Figure 14. Mis-tag vs. efficiency for several top tagging methods, as tested
on herwig 6.5 tt̄ and dijet samples. For Figures (a) and (b), the input
parameters are optimised for each efficiency point. The input parameters for
the unoptimised scans are taken from the 35% efficiency point in Figure (b).

http://atlas.physics.arizona.edu/~loch, and is also provided with SpartyJet as

the RadialSmearingTool tool. You can use it in a SpartyJet analysis via:

builder = SJ.JetBuilder()

builder.add_jetTool_input(SJ.RadialSmearingTool())

<add analyses and run...>

Comparing Figures 14–16 with 17 we can see that including realistic detector

resolution generally degrades the best achievable performance and changes how

algorithms compare to each other. Compared to other taggers, N-subjettiness does

worse. For each MC sample the spread between taggers is still small, with the ATLAS

24

Top Tagging c. 2012

Better

Better

500 GeV < pT < 600 GeV

Boost2011 Top Benchmark

Herwig++Herwig 6.5

Pythia 6.4 more optimistic, Sherpa more pessimistic,
Detector effects also important.
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[Fiege, Schwartz, Stewart, JDT:  12xx.xxxx]

n̂1

n̂2

Expanding about the infinite boost limit

Ongoing Theoretical Studies
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Calculate Idealized 2-subjettiness
In SCET, easier to use “geometric” definition:

τ2 =
�

k

min{n̂1 · pk, n̂2 · pk}

n̂i · n̂i = 0 |�̂ni| = 1

Essentially 2-subjettiness with β = 2, using light-like vectors

n̂1

n̂2

Rest Frame = Classic Thrust Boosted Frame = 2-subjettiness

n̂1

n̂2

(Additional 
Complication 
of Jet Radius)
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2-subjettiness in Pythia

τ2 at different Q

Control over ISR/UE/Pileup (!!!)

Allows systematic jet substructure calculations in 1/Q

τ2/τ1 saturates as Q → ∞ (!)
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τ2/τ1 (Q = ∞) ≈ e x thrust (!!)
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2-subjettiness in SCET

Recycle NNLL thrust by boosting!  (and θ integral...)

Q1 ≡ E1

Q2 ≡ E2

�
ŝ12 ≡

�
2n̂1 · n̂2

q2 ≡ m2
Z

θ

n̂1

n̂2

= angle between rest frame 
thrust axis and boost axis

3

× δ(k2 − n2 ·P 2
s ) 〈0|Y T

n2
Yn1

|Xs〉 〈Xs|Y †
n1

Y
∗

n2
|0〉 , (10)

where the Y ’s are light-like Wilson lines and P 1,2
s are the

momenta of the state |Xs〉 in the two subjets. Lorentz
invariance implies that the only dependence on the sub-
jet directions can be through the combination n1 · n2.
We added an argument ΛQCD, on which αs(µ) depends,
and as a reminder of the nonperturbative corrections con-
tained in S.

The 2-subjettiness soft function can be related to
the hemisphere soft function Shemi, relevant for thrust
and heavy jet mass, which is known exactly to 2-loop
order [21, 22]. The hemisphere case corresponds to
nµ

1 = n̄µ
2 with n1 · n2 = 2, so that Shemi(kL, kR, µ, Λ) =

S(kL, kR, 2, µ, Λ). From Eq. (2) the partitioning into
regions of N -subjettiness is invariant under a common
rescaling of the subjet direction, n1 → βn1 and n2 →
βn2. So from Eq. (10)

S(k1, k2, n1 ·n2, µ, Λ) = β2S(βk1, βk2, β
2n1 ·n2, µ, Λ).

Choosing

β = βθ =

√
2

n1 · n2
=

√
m2

Z + Q2 sin2 θ

mZ
(11)

we then find

S(k1, k2, n1 · n2, µ, Λ) = β2
θ S (βθk1, βθk2, 2, µ, Λ)

= Shemi (k1, k2, µ/βθ, Λ/βθ) , (12)

where we have rescaled all dimensionful arguments by
β−1

θ and used that S has mass dimension −2.
With Eq. (12) we can reduce S in Eq. (9) to the soft

function for thrust Sτ which is known to two-loop or-
der [21, 22] and has a known leading nonperturbative
parameter Ω1 = 254 ± 70 MeV [17] which we will use to
compute the leading shift from hadronization. H and J
are also known at O(α2

s) [16]. All the objects in Eq. (9)
have known renormalization group equations so we can
sum large logarithms of τ2/1 up to N3LL. We have

1

σ0

dσ

dτ2/1

= T̂ 2
1

∫
d cos θ

2
H(mZ , µH)UH(mZ , µH , µJ )

×
∫

dk d' Jτ2/1

[
T̂1

(
T̂1τ2/1−k

)
,
{2Qi

T̂1

}
, µJ

]

×U τ
S

(
k−',

µJ

βθ
,
µS

βθ

)
Sτ

(
' −

2Ω1

βθ
,
µS

βθ

)
,

where

Jτ2/1
[s, {xi}, µJ ] ≡ x1x2

∫
ds′J

(
x1s

′, µJ

)
J
(
x2(s−s′), µJ

)

Here H , Jτ2/1
, and Sτ are treated as fixed order expan-

sions in αs(µH), αs(µJ ), and αs(µS) respectively, while
UH and U τ

S are the RG evolution kernels. See [16] for
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FIG. 2: Results of the NNLL analytic calculation for τ2/1.
The distribution saturates as Q >

∼
300 GeV.
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FIG. 3: Comparison of theory prediction (bands) for τ2/1 to
Pythia (histograms). The width of the bands is from scale
variation uncertainties.

more details. σ0 is the tree-level cross-section, which we
take to be the Z decay rate in this case.

The natural scale choices are

µH = mZ , µJ = µQ
√

τ2/1, µS = µQ τ2/1. (13)

Here µQ = T̂1

√
1 + Q2/(2m2

Z) is a useful θ-independent

approximation for the more accurate T̂1βθ. For Q = 0
one has µQ = mZ , while for Q → ∞ one has µQ =
mZ/(2

√
2). We then perform the k and l integrals in

Eq (13) analytically with known techniques [? ] and the
θ integral numerically. Results for the τ2/1 distribution
for various Q are shown in Fig. 2. As expected, the curves
approach a fixed distribution at large Q.

In Fig. 3 we show a comparison to a “baseline” Pythia

distribution, where the effects of hadronization are in-
cluded but the finite cone size and ISR/UE contamina-
tion have been artificially removed. In the tail of the
distribution, there is excellent quantitative agreement.
Moreover, there is qualitative agreement near the peak
region. In Fig. 4, we show how at large Q, the effect
of ISR/UE can be largely corrected by using Eq. (8).
ISR/UE effect can be additionally corrected by replacing
∆τ ′ ≡ ∆τ(1− π

2
mZ
Q ) in Eq. (8); the additional factor ac-

counts for the average fractional difference between (pj ·n)
and min{pj · n1, pj · n2} for uncorrelated soft radiation.

We can use Pythia to verify that the effects we have
neglected in our calculation are indeed 1/Q suppressed.

p1

p2

mZ
θ Q)

ẑ

x̂
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Boosted Z Signal Predictions

Next targets:  fat jet background, boosted top signal

Surprisingly good agreement between Pythia and NNLL

Tails match beautifully
Extra SCET machinery

needed for precise peak shape

n̂1

n̂2

n̂1

n̂2

PRELIMINARY
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Correction Factors

Effects included in 
SCET calculation

Effects neglected
(scale as 1/Q) 

� � � � � � �

� � � � � �
�
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Fully analytic corrections, 
hadronization can be 

derived from LEP thrust

Remaining effects less than 5% 
(also Γ/mZ calculable effects)
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Excitement at QCD/BSM Boundary
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(Boost 2010 Showdown)

Jet Substructure & N-subjettiness

[JDT, Van Tilburg:  1011.2268 & 1108.2701] [Fiege, Schwartz, Stewart, JDT:  12xx.xxxx]

Overview of Jet Substructure
5.3 Mistagging Rate 9
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DATA
topm   5.97 GeV±= 175.52 
MC
topm   4.97 GeV±= 171.35 

Figure 3: Mass of the hadronic top candidate in a semileptonic top sample.

Figure 4 shows the mass drop (µ) variable immediately before the W mass selection. The selec-

tion efficiencies for the data and Monte Carlo are

�DATA

µ = 0.56 ± 0.03 (9)

�MC

µ = 0.61 ± 0.03 (10)

Using Figure 2 to investigate the data and Monte Carlo efficiencies of the W mass-window cut,

we obtain

�DATA

mW
= 0.50 ± 0.04 (11)

�MC

mW
= 0.50 ± 0.04 (12)

Combining the efficiencies of the µ and mass cuts, the subjet energy scale scale factor is deter-

mined to be 0.93± 0.13. This is applied as an additional systematic uncertainty on the selection

efficiency.

5.3 Mistagging Rate

The mistagging rate is derived from data. However, a priori, the rates may depend on the

sample composition of the two different analyses considered (1+1 and 1+2). Thus, we derive

the mistag rate in both samples independently, and apply the rates to the appropriate analysis

(1+1 rate to 1+1 analysis, and likewise for 1+2).

We estimate the mistag rate (Pm) which is the probability that a QCD jet will be mistaken for a

top jet candidate by the top tagging algorithm. Highly energetic QCD jets have a larger proba-

bility to radiate, and as the jet mass increases, they are more likely to have top-like substructure

n̂1

n̂2

Expanding about the infinite boost limit

Ongoing Theoretical StudiesIntroducing N-subjettiness
Top tagging with τ3/τ2, W/Z/H tagging with τ2/τ1
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More Plots
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Linear Fisher Discriminant
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"L = [2.30, -5.85, -1.89, 6.21, 7.25, -5.35, -0.86, 1.61, -14.07]

"X =
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c = 3.51 c = 5.29

Table 3. Optimized parameters for the N -subjettiness taggers at different working points. These
parameters are used for the results in Table 2. Both the τ3/τ2 method and the multivariate method
make use of a linear one-sided cut. The parameters for the modified Fisher discriminant were obtained
from Eq. (4.2) with γ = 0.7.
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Recent Applications
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FIG. 3: Normalized differential distributions of the N-subjettiness ratio τ3/τ1. In the left panel we plot this ratio for ecal hits
only, and in the right panel we plot τ3/τ1 for the full calorimeter tower entries.
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FIG. 4: Two-dimensional distribution of 103 signal events (left panel) and 103 b jet events in the τ3/τ1–p
j
T /mj plane. The

ditau events are less correlated than QCD jets.

specifically, we consider N -subjettiness [28, 29], a deriva-
tive of the recently proposed observable N -jettiness [30].
We use the definition of [29]

τN =

∑

k pT,k min (∆R(1, k), . . . ,∆R(N, k))
∑

j pT,j R
. (8)

N -subjettiness† is particularly successful in discriminat-
ing jets that have a substructure of isolated collimated
energy deposits from jets that have a more fanned out
substructure. Actually, the ratios between different τN
are found to be superior to plain τN distributions in
discriminating jets with multiprong structures [29]. In
case of ditau jets, we find that τ3/τ1, whether of the

†We do not perform a minimization procedure to retrieve a global
event shape observable, but instead use the exclusive kT algorithm
as implemented in FastJet on the jet’s constituents to cluster ex-
actly N subjets.

full calorimeter tower or of the e-cal entries, works best
(see Figure 3). It must be emphasized that in order to
get small values of τN , N does not need to match the
number of charged decay products of the taus but of the
pronounced energy deposits in the jet.

We find the ratio between a jet’s transverse momentum
and mass, pjT /mj , to be another powerful discriminator
between a ditau jet and an ordinary QCD jet. This quan-
tity is sensitive to the size of the ”active area” of the jet
(the area where radiation is measured), and to the align-
ment between hard radiation and jet axis. For the pencil-
like structure of the ditau jets we expect larger values of
pjT /mj than for QCD jets, which we confirm in Figure 5.

More interestingly, a distinct pattern of correlation is
observed in the N -subjettiness vs. pjT /mj plane for the
ditau jets. For the QCD jets, as shown in Figure 4,
increasing values of τ3/τ1 is correlated with increasing
pjT /mj, whereas for ditau jets these are anti-correlated.

Before concluding this section let us also briefly men-
tion that the number of charged tracks associated with a
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Σ
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Figure 6: The 95% C.L. exclusion limit on the resonance production cross sections times branching
ratio from different searches. The dotted black line is the projected Atlas exclusion limit at 5 fb−1

based on the current limit with 163 pb−1 luminosity [25]. The numbers in parentheses denote the
ratio mπG

/mρG .

times dijet branching ratio at 5 fb−1 by assuming statistically dominated errors for the backgrounds.

We show results from the full jet substructure analysis as well as the simple jet mass analysis (with

R = 0.7 anti-kT ) at the 7 TeV LHC with 5 fb−1: here the vertical axis is cross-section times G-pion

branching ratio. As can be seen from Fig. 6, for a small mass ratio mπG
/mρG = 0.1 the simple jet

mass analysis provides the best exclusion limit, while for a small ratio mπG
/mρG = 0.2 the full jet

substructure analysis is the most sensitive one. To produce this plot, we have neglected the acceptance

of the traditional dijet analysis, which is large and close to 70% ∼ 80%.

3.2 πG → bb̄

For the case where the main decay channel of πG is two b-jets, we repeat the same analysis as the four

gluon case except that we now additionally demand two b tags in the final state. Although the signal

contains four b-quarks, we have found that requiring two b-tags for the four daughter jets is sufficient

to reject the backgrounds.

The backgrounds now come from both two light jets with a double b mistag, and two b-jets. After

taking into account the b-tagging efficiency, these two contributions to the background are comparable.

We assume a b-tagging efficiency of 60% and a mistagging efficiency of 2% for light jets (the c-jet has a

larger mistagging efficiency which we compensate for by choosing a larger value of mis-tagging efficiency

13

h→ aa→ (τ+τ−)(τ+τ−) ρG → πGπG → (gg)(gg)

[Englert, Roy, Spannowsky] [Bai, Shelton]

N-subjettiness:  Powerful discriminating variable, 
by itself or as part of a multivariate study
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Minimization

β
Classic problem in computer science!

β = 2 (≈ thrust):   “k-means clustering”

τ̃N =
1
d0

�

k

pT,k min
A

{∆RA,k}τN = min
{paxes}

τ̃N

≈ iterative jet finding, fixed number of jets, voronoi boundaries

β = 1 (≈ jet broadening):   We developed new minimization algorithm,
jet axis ≠ jet momentum, kind of like a “median” jet

∂τ̃1

∂�paxis
= 0 ⇒ �paxis =

�

k

�pk

i.e. jet axis = jet momentum

Hybrid Jet ShapeTrue Jet Shape
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Effect of Minimization
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A New/Old Jet Algorithm
Exclusive Cones for Higgs Searches

[JDT, Vermilion:  Ongoing]
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Thoughts on Jet Algorithms

Solution:  

Minimization of any hybrid jet shape defines a jet algorithm!

Hybrid Jet Shape: τN = f({pk}, {paxes})

Not a new idea...  Stable cone finding:

Minimize 
over axis A:

pjet =
�

k

pk
[Ellis, Huston, 
Tonnesmann]

τ1(R0) =
�

k

pTk min(∆RA,k, R0)2

In CS optimization:  cluster finding = minimization

Key!

in cone
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N-jettiness
Original Purpose:  Define exclusive jet cross sections

Especially important for Higgs + N jet searches

With minimization, can use to define N jets!

[Stewart, Tackmann, Waalewijn]

Run jet algorithm,
require exactly N jets
above jet pT threshold

Find exactly N jets,
restrict event to be below

N-jettiness threshold

τ (β)
N (R0) =

�

i

pT,i min
�
(∆R1,i)

β , . . . , (∆RN,i)
β , (R0)β

�

“Exactly N jets”?

Current Method Alternative Method
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A Killer App?

The Boosted Higgs Search

qq̄ → Z
∗ → ZH

→ bb̄
→ �+�−

||

BDRS Method
[Butterworth, Davison, Rubin, Salam]

A Practical Higgs Finder BDRS:
Butterworth, Davison, 
Rubin, Salam (2008)

“Mass-Drop + Filter” Algorithm:

An Alternative?
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 2l2v$VBF(WW)
 4l$ZZ
 2l2v$ZZ
 2l2b$ZZ

Signal has exactly 2 jets!
No need for jet substructure,

just minimize 2-jettiness

(Or if you have to use substructure,
use τ2/τ1 on fat jets)
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Interpolating the Higgs Search

[Chris Vermilion, very preliminary]

dijetMass
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2-jettiness vs. anti-kT:  interpolating between regimes

Signal:  H(bb)Z(μμ)
  low pT = no cut
  high pT = > 300 GeV

Same analysis works over all(?) pT!
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trijetMasses
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Interpolating for Top?

[Chris Vermilion, very preliminary]

More complicated:  all-hadronic ttbar
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